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In this theoretical report, we argue that unit transformation graphs are an appropriate and
useful tool for modeling students’ solutions to transformation geometry problems. Developed by
mathematics education researchers working from a Piagetian theoretical perspective, unit
transformation graphs explicate the mental actions that students use in solving problems, along
with the objects (or units) on which they are acting. This theoretical report contributes to an
understanding of how unit transformation graphs can be extended, beyond their current use, to
model student reasoning in a new mathematical domain. We illustrate the potential efficacy of
unit transformations in modeling students’ solutions to transformation geometry problems with
two researcher-generated solutions to a transformation geometry problem, and we call for future
empirical research to model students’ solutions to transformation problems with UTGs.
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Transformation geometry—the study of geometry focusing on transformations (such as rigid
motions and dilations) and properties that remain invariant under those transformations—is an
important component of mathematics education at all levels. For nearly a century,
mathematicians and mathematics educators have recommended that transformations play a
greater part in geometry curricula (Betz, 1933; King, 2021; Usiskin & Coxford, 1972). The
Principles and Standards for School Mathematics of the National Council of Teachers of
Mathematics (NCTM, 2000) recommend that instructional programs from Grades PK-12 should
“enable all students to...apply transformations and use symmetry to analyze mathematical
situations” (p. 41). In the Common Core State Standards for Mathematics (CCSSM; Common
Core State Standards Initiative, 2010), transformation geometry plays a broad role, elaborated
below. At the postsecondary level, transformation geometry together with group theory can be
used to classify Euclidean and non-Euclidean geometries—an idea introduced by Felix Klein in
his 1872 address to the University of Erlangen, setting forth the influential Erlangen Program.
Klein claimed, “The most important notion which is necessary in the following considerations is
that of a group of spatial transformations” (cited in Herbst et al., 2017, p. 19).

Within the CCSSM, in Grade 8, students use hands-on activities to verify properties of rigid
motions, describe the effects of rigid motions, and understand that two shapes are congruent if
(and only if) one can be transformed into the other using a sequence of rigid motions. In high
school geometry, students formalize notions of congruence and similarity in terms of
transformations, leading to triangle congruence and similarity criteria (Wu, 2013).
Transformations are also used in geometric proofs, such as proving that two shapes are
congruent by describing a sequence of rigid motions that will map one onto the other.
Consequently, middle and high school teachers need to be prepared to conceptualize and explain
geometric transformations, including their use in proofs of similarity and congruence; evidence
suggests this may pose a challenge (Hegg et al., 2018; Yanik & Flores, 2009).

Given the importance of transformations in students’ geometry education, mathematics
educators need to better understand how students conceptualize and reason about geometric
transformations. From a constructivist perspective, understanding student reasoning in this way
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involves engaging students in problem situations and, from observations of students’ responses,
posit answers to the question: “What mental operations must be carried out to see the presented
situation in the way one is seeing it?”” (von Glasersfeld, 1995, p. 78). Answering this question
requires decentering from one’s own mathematical knowledge and attuning to the mathematical
knowledge of the student. In this sense, the researcher builds a second-order model, a model that
can explain the researcher’s observations of the student’s mathematical reasoning (Steffe &
Thompson, 2000).

Taking seriously the Piagetian position that students’ mathematics is comprised of mental
operations (i.e., mental actions), Norton et al. (2023) introduce unit transformation graphs
(UTGs) as a tool for forefronting students’ mental actions and illustrating their coordination in
problem solving. UTGs are directed vertex-edge graphs, where vertices represent material being
acted on (units) and edges represent mental operations (transformations applied to units).
Although UTGs were originally used to model students’ numerical reasoning, particularly about
fraction multiplication (Norton et al., 2023), we hypothesize that UTGs can be extended beyond
numerical contexts, modeling students’ coordinations of mental actions generally.

In this theoretical article, we extend the scope of UTGs to the realm of transformation
geometry. In doing so, we address the research question: How, theoretically, can UTGs be used
to build models of students’ solutions to transformation geometry problems?

Literature Review

We have research evidence that indicates students across Grades K-16 often experience
challenges in making sense of and reasoning about geometric transformations. For example,
middle school students, prior to instruction on transformations, may apply “holistic” strategies,
rather than measurement-based analytic strategies, to solve transformation problems, with the
latter being more likely to lead to correct solutions (Boulter & Kirby, 1994). Similarly, some
undergraduate students may hold picture-based meanings of transformations without
measurement-based or transformation-based meanings; students who hold either of the latter two
meanings are more likely to successfully determine congruence and non-congruence of given
shapes (Geotas et al., 2021).

Research has found specific transformations to present challenges for students. Dixon et al.
(2022) found that, even after instruction (with traditional curricular materials), many middle
school students struggle to solve problems involving rotations. Among 444 middle school
students in their study, students answered an average of 59% of questions correctly, with only
46% of students correctly determining whether a given pre-image and image show a rotation
and, if so, correctly locating the center of rotation. Hollebrands (2007) found that high school
students may struggle to anticipate the results of transformations prior to carrying them out. Yao
(2020) found similar results among preservice secondary teachers; moreover, they struggled to
determine whether a composition of transformations can be performed as a single
transformation. Frazee (2018) found that high school students may struggle to carry out
reflections, especially over a slanted line, and to correctly locate a slanted line of reflection for a
given pre-image and image, and they may struggle to carry out rotations and locate the center of
rotation for a given pre-image and image. However, for both transformations, Frazee found
significant conceptual progress after research-based instruction focusing on properties of
transformations and developing students’ mental processes for conceptualizing them. Research
also indicates that preservice elementary school teachers, prior to research-based instruction,
may struggle to identify examples from non-examples of reflections, rotations, and translations
(Clayton, 2020) and to identify the correct center of rotation for a given pre-image and image
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(Edwards & Zazkis, 1993). However, after research-based instruction (similar to that used by
Frazee, 2018), Clayton (2020) found preservice teachers to make significant conceptual progress.

Secondary and postsecondary students may struggle to conceptualize transformations as not
just motions, but as mappings (i.e., functions) from the plane onto the plane (Hollebrands, 2003;
Yanik, 2011; Yanik & Flores, 2009). Hollebrands (2003) found that students’ conceptions of
domain were critical in understanding geometric transformations as functions. Yanik and Flores
(2009) contributed a detailed account of one preservice teacher’s trajectory toward developing a
mapping-based meaning of translations, with vectors playing an especially important role.
Although geometric transformations are formally defined as one-to-one and onto mappings on
the plane (Martin, 1982), there are differing opinions about the nature, purpose, and productivity
of thinking about transformations as motions versus as mappings (Edwards, 2003).

The challenges that K-16 students experience regarding geometric transformations
underscore the importance of mathematics educators better understanding their conceptions and
investigating ways in which they can be supported. We posit that to achieve such an
understanding, mathematics educators need to better understand students’ mental actions for
carrying out, and anticipating the results of, reflections, rotations, and translations. This position
is supported by research by Frazee (2018) and Clayton (2020), reviewed above, and by Johnson-
Gentile et al. (1994), who found significant conceptual gains among middle school students who
engaged in computer-based activities using Logo Geometry. They explained, “The need in Logo
environments for more complete, precise, and abstract explication [of action commands given to
the computer] may account for students’ creation of conceptually richer concepts for motions”
(p. 137). Although researchers have provided fine-grained analysis of student knowing and
learning within transformation geometry contexts, including approaches using APOS theory
(e.g., Hollebrands, 2003) and the Pirie-Kieren model (e.g., Yao, 2020), we argue that UTGs offer
a uniquely fine-grained lens on students’ mental actions that can provide important insight into
students’ conceptualizations.

Theoretical Framework

We frame our work in terms of Piaget’s (1970) genetic epistemology; within this perspective,
mathematics is constructed as a coordination of mental actions. A mental action is a
transformation (a change in the state of some perceived/conceived entity) that may be carried out
physically or entirely in one’s mind. Within the realm of number, such mental actions include
iterating, partitioning, and disembedding; these mental actions are applied to numerical units,
which are entities conceptualized as 1 (Ulrich, 2015). For example, a student might iterate a unit
of 1 to form a composite unit (e.g., 10), or partition a unit of 1 to form smaller equal-size parts
(e.g., 1/2). They might disembed one of these parts (removing 1/2 from the whole), treating that
part as a unit itself while keeping in mind its relationship to the original whole.

UTGs require researchers to identify the mental actions that students bring to problem
situations and to model how they are coordinated. Consider the following example.

Cake Task. Anita is having a birthday party. Her birthday cake is cut into 8 slices for

Anita and her 7 friends. After the cake is cut, another friend arrives late to the party.

Anita wants to share her slice of cake equally with the newcomer. What portion of the

whole cake does Anita get? (adapted from Norton et al., 2023)
To solve this problem, a student might first take the whole cake as a unit. They could then
partition the cake into eight equal-size pieces, then disembed one of those pieces to give to
Anita. Then, when the newcomer arrives, this piece is further partitioned into two equal-size
pieces, and one of them is disembedded. To relate the size of this piece to the whole cake, the
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student might iterate it 16 times. Through this coordination of mental actions—partitioning,
disembedding, partitioning again, disembedding again, and iterating—the student can conclude
that Anita received 1/16 of the whole cake. This coordination of mental actions is illustrated by
the UTG in Figure 1, where rectangular nodes represent units and arrows represent the student’s
mental actions on those units.

1:%

(16)

size pieces

Figure 1. UTG illustrating a coordination of mental actions to solve the Cake Task

Spatial and geometric situations may involve a wide variety of units and mental actions
performed on them. Following Antonides et al. (2025), we define a spatial unit as a
perceived/conceived entity, such as a shape, that is spatially operable—that is, the entity is
isolated as an object of attention and acted upon using spatial mental actions. Based on prior
research on students’ geometric reasoning, we generated a non-exhaustive list of mental actions
that we hypothesized may be relevant in students’ solutions to transformation geometry problems
(see Table 1). We used prior research literature, where available, to suggest definitions of each
mental action. We theorize definitions of mental actions not yet represented in the research
literature. For example, a student might unitize a geometric shape and take it as material for
spatial operation (Wheatley & Reynolds, 1996); they might spatially disembed part or parts of a
geometric shape in problem solving (e.g., isolating one side of a square without losing track of
the fact that the side is part of the square) (Barrett & Clements, 2003); or they might spatially
locate an object in space (e.g., visualizing the location of a cube within a 3-D array, or a point in
space corresponding to another point) (Battista, 2004). Understanding precisely how students
temporally order mental actions on spatial units can reveal critical insights into their
mathematical conceptualizations and reasoning (Antonides & Battista, 2022).

Table 1. Non-exhaustive list of mental actions hypothesized to be relevant in solving transformation

geometry problems
Mental Action Definition
Unitizing Isolating perceived/conceived material as a

distinguishable object through focused and unfocused
attention (von Glasersfeld, 1981)

Spatial Disembedding  Isolating (unitizing) part of a spatial object, treating it as
a separate spatial entity while maintaining its relationship
to its original spatial whole (Barrett & Clements, 2003;

Sarama et al., 2003)
Spatial Locating Identifying the location of a point or other spatial object
or region (Antonides et al., 2024; Battista, 2004)
Extending Imagining a continuation of a spatial object such as a line
segment
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Directing Establishing a spatially oriented relationship between two
points

Reflecting Flipping a spatial object, often (formally) over a line
conceptualized as the line of reflection (or line of
symmetry) (Clements et al., 2001; Edwards, 1991)

Rotating Turning a spatial object in a particular direction
(clockwise or counterclockwise), often (formally) in
relation to a fixed point conceptualized as the center of
rotation (Clements et al., 2001; Edwards, 1991)

Translating Sliding a spatial object in a particular direction, often
(formally) in relation to or described by a vector
(Clements et al., 2001; Edwards, 1991)

Examples of UTGs in Transformation Geometry

To illustrate and support our theoretical argument, we provide two potential solutions
(provided by the first two authors) to the K-Activity, described below, including mental actions
used in these solutions (indicated by italics). We then illustrate how these two solutions can be
modeled using UTGs.

K-Activity. There are two big K’s, a black one of the top left, and a blue one on the

bottom right [see Figure 2a]. Prove or disprove: The black K can be transformed to the

blue K using a translation, a rotation, and a reflection, at most once each.

a. /< b. K | | c. K
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Figure 2. (a) Initial K-activity setup, and potential solution 1, involving (b) translation then (c) rotation

Potential Solution 1. In solving this task, a person might begin by unitizing the black K as an
object of attention (a spatial unit) and isolating (spatially disembedding) a salient point p;. By
attending to the corresponding point g, on the blue K, the person unitizes the blue K as a spatial
unit, then spatially locates and disembeds the corresponding point, establishing a relational
anchor between the two K-shapes. Using these two disembedded points, they mentally construct
a vector, p;q,, by mentally imagining directing p; to q,, and with this they mentally translate
the black K toward the blue K, producing a new spatial unit (the translated K; see Figure 2b).
Then, person may spatially disembed another point, p,, on the black K, then spatially locate and
disembed its translation, 15, on the translated K, as well as the corresponding point, g,, on the
blue K (Figure 2c). The person may then connect points q; and r,, forming a ray, and connect
points q; and g,, forming another ray; with these, they can imagine turning the former ray
clockwise toward the latter, conceptualizing the angle 21, g, q,. Then, with this angle, they can
rotate the translated K, using g, as the center of rotation, in a clockwise direction. Through these
coordinated mental actions, the person leverages fixed points and constructed angles as
invariants to structure the sequence of transformations that map the black K to the blue K.

This person’s solution can be modeled using the UTG shown in Figure 3. Rectangular nodes
represent spatial units—material isolated as an object of attention and taken as input for spatial
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mental actions (represented by arrows). The mental act of unitization is not represented by
arrows, but rather by the creation of a rectangular node. Dark gray nodes represent the initial
figurative material provided in the problem situation (taken by the problem solver as spatial
units). Light gray nodes represent spatial units transformed in the process of accomplishing the
translation of the black K. White nodes represent spatial units transformed in the process of
accomplishing the rotation of the translated black K. The yellow node represents the final state of
the black K.

Translating (with P'Q) l Spatial l
N

beddi

[ } g N
Spatial N Translated Point
Black K Disembedding Black K P2
Vector —
P191
Spatial Locating;_| \Mg_:, Point | Connecting _
Blue K S patial Spatial r1 | (withgy )
Disembedding Disembedding o)
)
Spatial Locating; ,| Point | Connecting
Spatial Disembedding qz (with q1) |
~—
Rotated
Rotating 5| Translated

(with 2r1q192) | Black K 4714192

Figure 3. UTG illustrating the coordination of mental actions in Potential Solution 1

Potential Solution 2. As an alternative to the approach in Potential Solution 1, a person could
first isolate the blue K as a spatial unit, via unitization, and from this spatially disembed its long
flat side, then extend this side to form a line, L. They could repeat this process with the black K,
spatially disembedding its long flat side and extending it to form line L,. In doing so, the person
can spatially locate a point, z, that they can use as the center to rotate the black K clockwise
until its long flat side is visually aligned with L, (see Figure 4b). The rotated black K is unitized
as a spatial unit that they will then translate. To carry out and describe this translation, the person
could first spatially disembed a point p on the rotated black K, then spatially located and
disembed the corresponding point, g, on the blue K. With these, they can conceptualize vector pg
by mentally imagining directing p in the direction of g. Using this vector, they then translate the
rotated black K (see Figure 4c), completing the transformation.

a. . b. "N o C.

K

‘ =

Figure 4. (a) Initial K-activity setup, and potential solution 2, involving (b) rotation then (c) translation
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This person’s solution can be modeled using the UTG shown in Figure 5. As with the
previous UTG, rectangular nodes represent spatial units, and mental acts on those units are
represented by arrows. Dark gray nodes represent the blue K and black K (the first two spatial
units acted upon in the problem). Light gray nodes represent spatial units transformed in the
process of rotating the black K. White nodes represent spatial units transformed in the process of
translating the rotated black K. The yellow node represents the final state of the black K.
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Figure 5. UTG illustrating the coordination of mental actions in Potential Solution 2

Concluding Remarks

UTGs contribute a more explicit lens on the units that students attend to and the mental
actions that they coordinate on those units when solving transformation problems. Much prior
work has documented the kinds of challenges students face, such as conceiving transformations
as motions rather than functions (Hollebrand, 2003; Yanik, 2011), relying on picture-based
rather than analytic strategies (Boulter & Kirby, 1994; Geotas et al., 2021), or struggling to
anticipate composite transformations (Yao, 2020). UTGs offer a way to model not only the
outcomes of these problem-solving attempts but also the evolving sequences of units and mental
actions that students bring into coordination.

Additionally, our examples of the K-activity illustrate how different individuals may
coordinate similar actions in different sequences: one beginning with translation then rotation,
the other reversing that order. By modeling these variations, UTGs make explicit not only the
actions themselves, such as unitizing, disembedding, locating, translating, and rotating, but also
the ways these actions are sequenced and coordinated across units. This explicit attention to the
interplay of units and mental actions offers insight into the diverse strategies students employ
when reasoning about geometric transformations.

Finally, we suggest that UTGs can further illustrate the constructive ways that students
coordinate units and mental actions, even when their solutions do or do not align with normative
or textbook-like solutions. By making visible the variations in how students sequence mental
actions, UTGs can reveal the resources that students bring to transformation problems, which in
turn help researchers model student reasoning. With this in mind, we call for future research to
engage students in solving transformation geometry problems and model their solutions with
UTGs. These models can provide opportunities for researchers and teachers to support students
in developing more productive strategies for solving transformation geometry problems while
also highlighting how students’ current reasoning can be a foundation for more productive ways
of thinking in geometry contexts.

28th Annual Conference on Research in Undergraduate Mathematics Education 930



References

Antonides, J., & Battista, M. T. (2022). Spatial-temporal-enactive structuring in combinatorial
enumeration. ZDM Mathematics Education, 54(4), 795-807. https://doi.org/10.1007/s11858-
022-01403-0

Antonides, J., Norton, A., & Arnold, R. (2024). Linking structures across logic and space: The
role of Euler diagrams. For the Learning of Mathematics, 44(2), 2-8.

Antonides, J., Norton, A., Battista, M. T., & Zwanch, K. (2025). Spatial structuring and units
coordination: Building and illustrating a coordinated theoretical framework. Cognition and
Instruction. https://doi.org/10.1080/07370008.2025.2571509

Barrett, J. E., & Clements, D. H. (2003). Quantifying path length: Fourth-grade children’s
developing abstractions for linear measurement. Cognition and Instruction, 21(4), 475-520.

Battista, M. T. (2004). Applying cognition-based assessment to elementary school students’
development of understanding of area and volume measurement. Mathematical Thinking and
Learning, 6(2), 185-204. https://doi.org/10.1207/s15327833mtl0602 6

Betz, W. (1933). The teaching of intuitive geometry. In The teaching of mathematics in the
secondary school: Eighth yearbook of the National Council of Teachers of Mathematics.
Bureau of Publications, Teachers College.

Boulter, D. R., & Kirby, J. R. (1994). Identification of strategies used in solving transformational
geometry problems. The Journal of Educational Research, 87(5), 298-303.

Clayton, E. (2020). Pre-service teachers’ understandings of isometries [Unpublished doctoral
dissertation]. The Ohio State University.

Clements, D. H., Battista, M. T., & Sarama, J. (2001). Logo and geometry. NCTM.

Common Core State Standards Initiative. (2010). Common core state standards of mathematics.
National Governors Association Center for Best Practices, Council of Chief State School
Officers, Washington D.C.

Dixon, N., Stevenson, S., Teuscher, D., & Dingman, S. (2022). Geometric rotations and angles:
How are they connected? In A. E. Lischka, E. B. Dyer, R. S. Jones, J. N. Lovett, J. Strayer, &
S. Drown (Eds.), Proceedings of the forty-fourth annual meeting of the North American
Chapter of the International Group for the Psychology of Mathematics Education (pp. 556—
564). Middle Tennessee State University.

Edwards, L. D. (1991). Children’s learning in a computer microworld for transformation
geometry. Journal for Research in Mathematics Education, 22(2), 122-137.

Edwards, L. D. (2003). The nature of mathematics as viewed from cognitive science.
Proceedings of the Third Conference of the European Society for Research in Mathematics
Education.

Edwards, L. D., & Zazkis, R. (1993). Transformation geometry: Naive ideas and formal
embodiments. Journal for Computers in Mathematics and Science Teaching, 12(2), 121-145.

Frazee, L. M. (2018). The interaction of geometric and spatial reasoning: Student learning of 2D
isometries in a special dynamic geometry environment [Unpublished doctoral dissertation].
The Ohio State University.

Geotas, A., Roh, K. H., & O’Bryan, A. (2021). The productivity of transformational reasoning:
Students ways of understanding congruence based on their learning experience. In D.
Olanoff, K. Johnson, & S. Spitzer (Eds.), Proceedings of the 43rd annual meeting of the
North American chapter of the International Group for the Psychology of Mathematics
Education (pp. 370-374).

28th Annual Conference on Research in Undergraduate Mathematics Education 931


https://doi.org/10.1007/s11858-022-01403-0
https://doi.org/10.1007/s11858-022-01403-0
https://doi.org/10.1080/07370008.2025.2571509
https://doi.org/10.1207/s15327833mtl0602_6

Hegg, M., Papadopoulos, D., Katz, B., & Fukawa-Connelly, T. (2018). Preservice teacher
proficiency with transformations-based congruence proofs after a college proof-based
geometry class. Journal of Mathematical Behavior, 51, 56-70.

Herbst, P., Fujita, T., Halverscheid, S., & Weiss, M. (2017). The learning and teaching of
geometry in secondary schools: A modeling perspective. Routledge.

Hollebrands, K. F. (2003). High school students’ understandings of geometric transformations in
the context of a technological environment. Journal of Mathematical Behavior, 22(1), 55-72.

Johnson-Gentile, K., Clements, D. H., & Battista, M. T. (1994). Effects of computer and
noncomputer environments on students’ conceptualizations of geometric motions. Journal of
Educational Computing Research, 11(2), 121-140.

King, J. R. (2021). Geometry transformed.: Euclidean plane geometry based on rigid motions.
American Mathematical Society.

Martin, G. E. (1982). Transformation geometry: An introduction to symmetry. Springer.

NCTM. (2000). Principles and standards for school mathematics. Reston, VA.

Norton, A., Ulrich, C., & Kerrigan, S. (2023). Unit transformation graphs: Modeling students’
mathematics in meeting the cognitive demands of fractions multiplication tasks. Journal for
Research in Mathematics Education, 54(4), 240-259.

Piaget, J. (1970). Genetic epistemology (E. Duckworth, Trans.). Norton.

Sarama, J., Clements, D. H., Swaminathan, S., McMillen, S., & Gonzalez Gomez, R. M. (2003).
Development of mathematical concepts of two-dimensional space in grid environments: An
exploratory study. Cognition and Instruction, 21(3), 285-324.

Steffe, L. P., & Thompson, P. W. (2000). Teaching experiment methodology: Underlying
principles and essential elements. In A. E. Kelly & R. A. Lesh (Eds.), Handbook of research
design in mathematics and science education (pp. 267-306). Erlbaum.

Ulrich, C. (2015). Stages in constructing and coordinating units additively and multiplicatively
(part 1). For the Learning of Mathematics, 35(3), 2—7.

Usiskin, Z. P., & Coxford, A. F. (1972). A transformation approach to tenth-grade geometry. The
Mathematics Teacher, 65(1), 21-30. https://doi.org/10.5951/MT.65.1.0021

von Glasersfeld, E. (1981). An attentional model for the conceptual construction of units and
number. Journal for Research in Mathematics Education, 12(2), 83-94.

von Glasersfeld, E. (1995). Radical constructivism: A way of knowing and learning. Falmer.

Wheatley, G. H., & Reynolds, A. (1996). The construction of abstract units in geometric and
numeric settings. Educational Studies in Mathematics, 30(1), 67-83.

Wu, H.-H. (2013). Teaching geometry according to the Common Core Standards.
https://math.berkeley.edu/~wu/Progressions _Geometry.pdf

Yanik, H. B. (2011). Prospective middle school mathematics teachers’ preconceptions of
geometric translations. Educational Studies in Mathematics, 78(2), 231-260.
https://doi.org/10.1007/s10649-011-9324-3

Yanik, H. B., & Flores, A. (2009). Understanding rigid geometric transformations: Jeff’s
learning path for translation. Journal of Mathematical Behavior, 28(1), 41-57.
https://doi.org/10.1016/].jmathb.2009.04.003

Yao, X. (2020). Characterizing learners’ growth of geometric understanding in dynamic
geometry environments: A perspective of the Pirie—Kieren theory. Digital Experiences in
Mathematics Education, 6(3), 293-319. https://doi.org/10.1007/s40751-020-00069-1

28th Annual Conference on Research in Undergraduate Mathematics Education 932


https://doi.org/10.5951/MT.65.1.0021
https://math.berkeley.edu/~wu/Progressions_Geometry.pdf
https://doi.org/10.1007/s10649-011-9324-3
https://doi.org/10.1016/j.jmathb.2009.04.003
https://doi.org/10.1007/s40751-020-00069-1

