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We created and piloted a playful calculus-based activity called Major Tom with preservice
secondary mathematics teachers over two classroom sessions. Players create sequences of
Jjetpack boosts (accelerations), controlling an astronaut’s movements to arrive at a pick-up
location at a particular time. The learning goal was for students to draw upon and enhance their
knowledge of integration to determine velocities and displacements. We found that the
imprecision of the system’s feedback inhibited the students’ productive use of their formal
calculus knowledge, while on the other hand an instructor-led structured discussion about
velocity graphs supported it. Neither of these features of the playful math environment much
affected the students’ playfulness, but a third feature, the opportunity to create and solve your
own challenges, fostered significantly increased play and laughter. This contributes to our
broader goal of how to elicit play with undergraduates while simultaneously engaging and
building their formal mathematics knowledge.
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Mathematical play is beneficial for students. It can improve enjoyment and engagement
(Plass et al., 2013), increase equitable access to mathematics (Widman et al., 2019), and help
students develop creativity and a disposition for innovation (Barab et al., 2010; Gresalfi et al.,
2018). It has also been shown to support mathematical learning and reasoning at the elementary
and middle-school levels (e.g., Edo & Deulofeu, 2006; Jasien & Horn, 2018; Levine et al.,
2012). However, there are still significant gaps in our knowledge of how play can support
learning, particularly at the undergraduate level. The aim of our work is to support undergraduate
students’ mathematical play while at the same time meaningfully leveraging their formal
mathematics knowledge. We consider this kind of “productive” playful engagement to be an
interaction between the task(s), student(s), and the teacher’s implementation. We use the term
playful math to describe the elements of classroom activities and environments that facilitate
mathematical play. To investigate this broader question, we studied students engaging in playful
math activities in an undergraduate class. Our research questions for this study are: (1) What
features of the playful math environment supported or constrained students’ productive use of
their formal mathematics knowledge? (2) What features of the playful math environment
supported or constrained students’ mathematical play?

Background and Framing
Our two-part definition of mathematical play is grounded in the traits of a person’s behavior
and experience that are considered foundational in the literature. Firstly, mathematical play
entails agency in exploration and self-selection of goals or subgoals. A person experiences
freedom and control over their activity, including how they explore and the goals they select
(Holton et al., 2001; Gresalfi et al., 2018). Exploration is essential (Mason, 2019) and often
accompanied by unexpected outcomes (Davis, 1996). Goals are inherent to play (Huizinga,

27th Annual Conference on Research in Undergraduate Mathematics Education 545



1955) and can emerge and change as play proceeds (Jasien & Horn, 2022, Radke & Ma, 2018).
Secondly, mathematical play entails immersion and enjoyment. People who play are highly
engaged (Gresalfi et al., 2018) and may exhibit a state of flow (Csikszentmihalyi, 1990). They
find pleasure in their activity and experience it as being worthwhile for its own sake (Su, 2017).

This definition highlights a tension that arises when mathematical play is used to support
learning in classroom environments. Students with high agency might pursue goals that have
little to do with the teacher’s learning goals. Pyle and Danniels (2017) view play-based learning
to be situated in a continuum, where the activity ranges from student-directed to teacher-directed.
In more teacher-directed play, the broad goals can be prescribed if students have significant
leeway in the subgoals and actions they can take to pursue them. This type of continuum
provides a way to situate playful math activities at the undergraduate level also, where a teacher
may direct students to engage with formal mathematics while still playing.

We have identified six design principles for playful math activities (see Ellis, et al., in press):
(1) foster understanding of specific mathematical ideas; (2) enable free exploration within
constraints; (3) engender anticipation within the task; (4) provide a method for intrinsic
feedback; (5) offer meaningful challenge while still being feasible; and (6) allow the student to
act as both designer and player. For this study, we considered what the students did with the
intrinsic feedback they received from the task environment. A student experiences intrinsic
feedback in direct correspondence to their actions, rather than as mediated by a teacher or some
other extrinsic source. Students can increasingly come to anticipate the results of their actions in
the environment when they are able to use their mathematical understanding to simulate and
predict the experience first (Tzur, 2007). The feedback students receive can therefore inform
their mental models and anticipated actions and outcomes, rather than just allowing for reactive
adjustments to their actions. For example, Williams-Pierce et al. (2024) studied a case in which
students programmed a robot to navigate a path and received perceptual feedback when the robot
missed the mark. Because the students had developed and used a quantitative model while doing
the programming, they anticipated the path and were able to interpret the feedback in light of
their model, productively engaging with their prior mathematics knowledge.

Methods

We collected data with 16 secondary pre-service teachers (PSTs) at a public university in the
southeast United States. The PSTs had taken at least two calculus courses and were enrolled in
an algebraic reasoning content course. They formed 8 pairs, and each pair engaged in two playful
activities on an iPad over four sessions. We collected audio and screen recordings of each pair’s
work as well as any written work not captured by the iPad. This report is based on the
engagement of one PST pair, Audrey and Penny (pseudonyms), in one of these activities called
Major Tom. Major Tom (Figure 1) consists of 6 tasks whose common objective is to move the
astronaut ten miles “north” in space, from (0, 0) to (0, 10), in 10 minutes by adjusting “boosts”
(accelerations). The PSTs entered magnitudes, angles, and durations of the boosts, hit Play, and
the system showed the astronaut’s motion. The system also provided quantitative feedback (time
and fuel usage during the first session, position also during the second session). The activity’s
introduction read: “You are floating in space, at the origin. In 10 minutes, the spaceship will
swing by the pick-up point ten miles ‘north’ of you. Can you be there at the right time? Your
jetpack can give you a boost if you open its valve, in any direction you want. At each moment,
the valve setting determines the acceleration you experience (in mi/min?) at that moment.
Change the table to make whatever sequence of valve settings you want.”

On successive screens are follow-up tasks. Task 2 requires Tom to be stationary at the pick-
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up point. Task 3 introduces a fuel gauge (a valve setting of n for m seconds uses nm kg of fuel),
and requires the use of specific amounts of fuel. In Task 4, an asteroid blocks the way, so Tom
cannot stay on the y-axis. In Task 5, boosts can now include variables. In Task 6 you design your
own challenges, which you solve in Task 7. Major Tom satisfies our design principles, allowing
PSTs to select and explore their own goals, use feedback to reflect on their solution strategies,
and design challenges. To save space we will use a shortened notation for inputs. For instance,
the sequence of two boosts in Figure 1 would be written as {1, 90°, 0, 2} and {2, 180°, 4, 5}.

2 Minutes: 9.192
Position: (-9.384,16.384)

Pla
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Figure 1. Major Tom Activity.

We intended the Major Tom activity to promote an understanding of the relationship between
position, velocity, and acceleration in terms of derivatives and integrals. For instance, suppose a
PST tried out one boost {1, 90°, 0, 2} followed by Tom coasting the rest of the way from ¢ =2 to
10. One can mathematically model Tom’s velocity, whose derivative is the acceleration a(t) =
{1, 0<t<s?2 to etv(t)z{t’ 0<t<s?2

0,2<t<10 "8 2,2<t<10°
integration, either by reasoning with areas under the velocity graph or symbolically as
) 010 v(t)dt = %t2| (2) + 16 = 18 miles. These models could support PSTs to get exact answers

and examine more phenomena such as minimizing fuel usage or going in non-vertical directions.
The PSTs engaged with Major Tom in two 75-minute sessions.

This is part of a larger study, so we adopted an existing coding scheme to describe the
characteristics of mathematical play (Ellis et al., in press) as well as developed emergent codes to
investigate the PSTs’ cognitive engagement with a particular emphasis on their use of feedback.
Part of the existing scheme relevant to this report concerns the characteristics of playful
engagement, in which we distinguished moment phenomena from task phenomena. Moment
phenomena are discrete instances of experience or behavior, and include competitive fun, feeling
proud, enjoyment, taking on authority, and laugh (as evidence of enjoyment). Task phenomena
reflect an outcome of the PSTs’ engagement with a task as a whole, and include investment,
immersion, agency in goal exploration or accomplishment, and perseverance. We coded the
transcripts independently, discussing and resolving any disagreements to refine and establish a
common understanding of the codes during weekly meetings. Once we developed a stable coding
system, Authors 2 and 4 then re-coded the data corpus with the final system.

One could then find the total displacement by

Results

Features influencing PST’s productive use of their formal mathematics knowledge (RQ 1)
In the first session, the PSTs worked in pairs on Tasks 1-7. They did not always clearly

distinguish between acceleration and velocity, and many had difficulties drawing on calculus

concepts to try to produce exact solutions. At the beginning of the second session, the first author
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therefore led a structured discussion on constructing a velocity graph from a sequence of
unidirectional accelerations (i.e., parallel to the y-axis) and discussed what the graph informs
about displacement. The PSTs then revisited the tasks from the first session and solved new
challenges they created. In examining what supported and constrained the PSTs’ use of formal
mathematics, we found two features. One is the imprecision of the program’s feedback, which
acted as a hindrance; the other is the structured discussion, which acted as a support.

A hindrance: Imprecise feedback from the system. The program’s imprecise feedback
hindered Audrey and Penny’s productive use of their formal knowledge. We initially
programmed Major Tom with a relaxed success condition: the spaceship would stop if Tom was
less than 1 mile from the pick-up point (0, 10) at time # = 10 minutes, and would otherwise cruise
past without stopping. Furthermore, the screen did not show a position readout for Tom. For the
second session we added the position readout and shrunk the window of success to 0.1 mile. In
this section we illustrate how this imprecise feedback in the first session diverted Audrey and
Penny from drawing on the derivative/integral relationships between acceleration, velocity, and
displacement to determine exact displacements for Tom.

On Task 1, Audrey and Penny started with the values seeded in the table and changed them
one at a time for five tries, to understand the system. They then tried just one boost: {1, 90°, 0,
2}. When this took Tom too far, they tried {1, 90°, 0, 1}. With this, the spaceship stopped, with
Tom at (0, 9.5) at time 10 (although the exact position was hard to discern). They considered this
a success and moved on to Task 2, at no point using symbolic or numeric calculation. On Task 2,
Audrey and Penny kept the same first line in their table, but added a second boost: {1, 90°, 0, 1},
{-1,0°,9, 10}. Tom veered at the end, so they corrected the angle from 0° to 90° and tried again.
This time Tom stopped at (0, 9), short of the pick-up point. They kept making small adjustments,
six different times, and eventually solved the problem with {1, 90°, 0, 1}, {-2, 90°, 9.5, 10}. The
alert reader may calculate that this solution puts Tom at (0, 9.25) at # = 10, which is short of (0,
10), yet the program considered this close enough and the spaceship stopped.

Audrey and Penny continued to almost exclusively rely on this repeated guess-check-adjust
method for the rest of the first session. They experienced success each time after multiple tries,
never attaining an exact answer of (0, 10) at time 10. On Task 3 they used exactly 3kg of fuel
with {1, 90°, 0, 1.5}, {-1,90°, 1.5, 2}, {-2, 90°, 9.5, 10}, ending with Tom at (0, 9.75). On Task
4, with an asteroid in the way at (0, 5), they adapted their previous approaches to split the
journey into two parts, and after many adjustments ended up with an approximation that got the
spaceship to stop: {2, 45°, 0, 1}, {-2,45°, 4, 5}, {2, 140°, 5, 6}, {-2, 140°, 8.8, 10}. They did not
appeal to a mathematical model, never calculating anything with 2 or using a symmetric 135°
angle to try for an exact solution. On Task 5, they were asked to use some variable non-constant
valve settings (and still avoiding the asteroid at (0, 5)). The aim was to push the PSTs to reason
with integrals to calculate displacements when the accelerations were non-constant (and thus
required calculus). Penny did briefly start by writing some calculus symbolism, “ds*/d’t,” but she
quickly abandoned this approach and instead decided to adapt their solution from the previous
task, inputting {4x, 45°, 0, 1}, {-4(x-4), 45°, 4, 5}, {4(x-5), 140°, 5, 6}, {-4(x-9), 140°, 9, 10}.
She explained to Audrey, “We want our average acceleration for one minute to be 1, which
means it should be 2x.” Thus, an acceleration of 4x over the time interval x =0 to 1 would
average to 2, so she assumed that replacing every 2 with 4x would not affect the displacement.

Penny conflated some aspects of velocity with acceleration here. If the velocity were 4x, it
could be averaged to 2 over this time interval without changing the total displacement, but the
same is not true when the acceleration is 4x. The displacement s over one minute is 2/3 when
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Z—iz = 4x and 1 when z—iz = 2. This difference, accumulated over their four small time intervals,
put Tom a bit beyond (0, 10) when the spaceship came by. But because Major Tom was within 1
mile of the target, it stopped anyway. Audrey and Penny made further adjustments to get Tom
visibly closer to (0, 10), but, like before, they moved to the next task without getting an exact
answer. Getting an exact answer was unimportant to them, as it was not necessary to make the
spaceship stop. This laxity of feedback thus allowed Audrey and Penny to avoid confronting a
conceptual issue about the relationship between acceleration, velocity, and displacement.

A support: Structured discussion. During the beginning of the second session, the PSTs
discussed how the area under the curve (i.e., between the graph and the time axis) represented
the total distance traveled. This discussion supported Audrey and Penny’s productive use of their
formal mathematics knowledge. They proceeded to engage with the activity very differently
when they revisited the tasks from the previous session, including the challenges they had
invented. They no longer conflated acceleration and velocity. For each task they drew a velocity
graph, and they consistently interpreted the accelerations as the slopes of this graph, recognizing
acceleration to be the derivative of velocity. They interpreted Tom’s total displacement as the
definite integral of the graph. An example is in Figure 2, which shows Penny’s mathematical
model of her solution to Task 2, where Tom must be stationary at (0, 10) at = 10. This allowed
them to calculate inputs to yield an exact solution which they could then test with the system,
instead of repeatedly guessing, checking, and adjusting as they did in the first session.

- \ ) " -4
Figure 2. Penny’s velocity graph model for solving Task 2, second session: {2/5, 90°, 0, 5}, {-2/5, 90°, 5, 10}.
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Velocity graphing also helped the PSTs use their calculus knowledge to create new scenarios.
For instance, they invented this challenge: “Major Tom needs to go to (0, 15) to pick up some
space litter but still needs to get to the rocket. Figure out how he can do this and be stationary at
the pick-up point at least one minute early.” They used a velocity graph with negative area
(Figure 3) to calculate a solution: {5/3, 90°, 0, 3}, {-5/3, 90°, 3, 6}, {-20/9, 90°, 6, 7.5}, {20/9,
90°, 7.5, 9}. Penny initially calculated a solution that she found to be incorrect when she checked
it on Major Tom. Seeing Tom miss the mark, she said, “Oh wait, no, no, no, I see what I did. I
see what I did. So, I made the area of this [the negative region] ten. It's supposed to be five.”
Then she said, “This is why I like having this [the program] to check. I wouldn't have realized I
did it wrong.” Thus, the velocity graph model not only helped them solve the problem, but also
helped them interpret and resolve perturbing feedback from the system.
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Figure 3. Penny’s model for solving their invented challenge, second session.

Features Influencing Mathematical Play (RQ 2)

To investigate the features of the environment that may have influenced mathematical play,
we considered the incidence of our moment and task codes. Competitive fun occurred when the
PSTs demonstrated excitement about their challenges, feeling proud occurred when they showed
pride in their work, enjoyment occurred when they demonstrated enthusiasm (further evidence of
this was through the laugh code), and we coded authority when seeing either PST take on that
role. We coded for investment when the PSTs showed that they cared about their work or the
task’s outcome. Evidence for immersion included the PSTs ignoring distractions and lacking
awareness of time passing. Agency occurred when the PSTs demonstrated autonomy in choosing
a strategy or posing their own problem, and we coded for perseverance when we found evidence
of the PSTs voluntarily persisting through difficulty.

Audrey and Penny did demonstrate evidence of mathematical play. Across both days they
engaged in a total of 14 tasks, spending on average eight and a half minutes per task (although
there was great variation across the tasks). Considering the moment phenomena, competitive fun
occurred 0.8 times per task on average, feeling proud 1.6 times, enjoyment 1.1 times, taking on
authority 0.6 times, and laugh occurred 6.2 times. The task phenomena codes we either applied
zero or one time per task. Out of the 14 tasks, we found evidence for investment during 8 of the
tasks, immersion during 2 tasks, agency during 10 tasks, and perseverance during 5 tasks. In
considering whether the imprecise feedback influenced Audrey and Penny’s mathematical play,
we noted that it was a feature of every task, and thus the presence of mathematical play
phenomena suggest that it did not prevent them from playful engagement. However, some
aspects of mathematical play were minimal, such as immersion, taking on authority, and
experiencing a sense of competitive fun. To examine the potential effect of the structured
discussion, we compared the incidence of mathematical play prior to and after the discussion.
Audrey and Penny solved 8 tasks prior to the discussion and 6 tasks after. The length of time
they spent per task was slightly more prior (9.2 minutes) than after (7.4 minutes). If the
structured discussion affected the PSTs’ playful engagement, we would expect to see a
noticeable difference in the average incidence per task prior to the discussion compared to after.
Except for the laugh code, we did not see any meaningful difference in the moment phenomena.
Two phenomena decreased slightly (competitive fun and feeling proud), and two increased
slightly (enjoyment and authority). Laughter, however, did decrease noticeably, occurring 7.4
times per task on average prior to the structured discussion and only 4.7 times per task on
average after. The students made more verbal expressions of enjoyment after the discussion, but
they laughed less. Considering the task phenomena, we saw a slight decrease in the incidence of
investment and perseverance and a slight increase in the incidence of immersion. Agency,
however, doubled, occurring for only half the tasks prior to the structured discussion and for
every task after. It may be that Audrey and Penny experienced greater agency having gained an
appreciation for the utility of velocity graphing, derivative, and integral to tackle the challenges.

We then returned to the data to see whether there were any features of the task / instructional
environment that did influence the PSTs’ playful engagement. We found one feature, which was
the creation and solution of their own challenges. Audrey and Penny solved nine regular tasks (in
which they solved a problem given to them), two “make a challenge” tasks, and three “solve
your own challenge” tasks. Figure 4 shows the average number of moment and task phenomena
per task for the regular tasks compared to the make-a-challenge and solve-your-challenge tasks.
One caveat is that the task time differed significantly, which would affect the incidence of
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moment codes (but not task codes). Audrey and Penny spent longer on average on the regular
tasks compared to the make a challenge tasks (5.9 minutes versus 3.3 minutes), and they spent a
whopping 19.4 minutes on average when solving their own challenges. Thus, there was more
time to observe and code moment phenomena during the solve your challenge tasks. This
accounts for the large discrepancy of laugh codes, for instance. However, it is interesting to
observe that the PSTs laughed 7.5 times per task when making a challenge compared to 2.3 times
per regular task, despite make-a-challenge tasks being shorter. Moreover, when we consider task
phenomena, which are not swayed by task length, we still saw greater levels of investment,
immersion, and perseverance when solving their own challenges. It appears that having the
agency to design and solve problems of their choice was meaningful for Audrey and Penny, and
it enabled them to take ownership in their work and invest in the outcome of their activity.
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Figure 4. Comparison of mathematical play phenomena across task types.

Discussion

Our findings with Audrey and Penny playing with the Major Tom activity provide detail that
can augment our design principles for playful math tasks. One of those principles is to provide a
method for intrinsic feedback. This case indicates that it is worth considering whether this
feedback is also precise and quantitative enough to be reasonably guess-and-check-proof. This
can help to necessitate (or at least to not allow the students to easily avoid) the engagement of
formal math knowledge. The feedback can then bear on their mental models, not just on their
immediate actions. The design factor of allowing students to act as both designer and player was
certainly reinforced for these students, for whom inventing and solving their own challenges was
propitious for play. Our findings also reinforce the design factor of fostering understanding of
specific mathematical ideas. In particular, it illustrates that there need not be a trade-off between
play and engagement with formal mathematics; the teacher-directed discussion supported the
latter without diminishing the former or dampening student agency.

As we reported on just one pair of students, we do not wish to make any general claims from
them, but rather to note that they reveal how various features of a playful math environment can
function. Since other students may be hindered and helped by different factors, based on their
dispositions and knowledge, we aim to continue studying this question in the context of other
playful activities in other undergraduate mathematics classrooms.

References
Barab, S.A., Gresalfi, M., & Ingram-Goble, A. (2010). Transformational play: Using games to
position person, content, and context. Educational Researcher, 39(7), 525 — 536.
Csikszentmihalyi, M. (1990). Flow: The psychology of optimal experience. Harper and Row.
Davis, B. (1996.) Teaching Mathematics: Toward a Sound Alternative. Garland Publishing Inc.

27th Annual Conference on Research in Undergraduate Mathematics Education 551



Edo, M., and J. Deulofeu. (2006). Investigacion sobre juegos, interaccion y construccion de
conocimientos matematicos [Research on games, interaction and construction of
mathematical knowledge]. Enserianza de las Ciencias 24, no. 2: 257-68.

Ellis, A., Horne, D., Bloodworth, A., & Ely, R. (in press). From mathematical play to playful
math. Journal of Mathematical Behavior.

Gresalfi, M., Horn, 1., Jasien, L., Wisittanawat, P., Ma, J.Y., Radke, S.C.,...,Sfard, A. (2018).
Playful mathematics learning: Beyond early childhood and sugar-coating. In J. Kay & R.
Luckin (Eds.), 13" International Conference of the Learning Sciences (pp. 1335 — 1342).
London, UK: University College London.

Holton, D., Ahmed, A., Williams, H., & Hill, C. (2001). On the importance of mathematical
play. International Journal of Mathematical Education in Science and Technology, 32:3,
401-415. DOI: 10.1080/00207390118654.

Huizinga, J. (1955). Homo Ludens: A Study of the Play Element in Culture. Boston, MA, Beacon
Press.

Jasien, L., & Horn, L.S. (2018). “Ohhh, now I can do it!”’: School-age children’s spontaneous
mathematical sensemaking in construction play. In J. Kay & R. Luckin (Eds.), 13"
International Conference of the Learning Sciences (pp. 624 - 631). London, UK: University
College London.

Jasien, L., & Horn, I. (2022). Fixing the crooked heart: How aesthetic practices support sense
making in mathematical play. Journal for Research in Mathematics Education, 53(1), 41-64.

Levine, S.C., Ratliff, K.R., Huttenlocher, J., & Cannon, J. (2012). Early puzzle play: A predictor
of preschoolers’ spatial transformation skill. Developmental Psychology, 48(2), 530 — 542.

Mason, J. (2019). Pre-parative and post-parative play as key components of mathematical
problem solving. In Problem solving in mathematics instruction and teacher professional
development (pp. 89-110). Springer, Cham.

Plass, J.L., O’Keefe, P.A., Homer, B.D., Case, J., Haward, E.O., Stein, M., & Perlin, K. (2013).
The impact of individual, competitive, and collaborative mathematics game play on learning,
performance, and motivation. Journal of Educational Psychology, 105(4), 1050 — 1066.

Pyle, A., & Danniels, E. (2017). A continuum of play-based learning: The role of the teacher in
play-based pedagogy and the fear of hijacking play. Early Education and Development,
28(3), 274-289. https://doi.org/10.1080/10409289.2016.1220771

Radke, S.C. & Ma, J.Y. (2018, June). Guiding Intent Participation at an Art Crating Company.
Paper presented at the International Conference of the Learning Sciences (ICLS) 2018.
London, England: International Society of the Learning Sciences.

Su, F. (2017). Mathematics for human flourishing. The American Mathematical Monthly, 124(6),
483-493.

Tzur, R. (2007). Fine grain assessment of students’ mathematical understanding: Participatory
and anticipatory stages in learning a new mathematical conception. Educational Studies in
Mathematics, 66,273-291. doi: 10.1007/s10649-007-9082-4

Widman, Chang-Order, Penuel, & Wortman (2019). Using evaluation tools toward more
equitable youth engagement in libraries: Measuring connected learning and beyond. Young
Adult Library Services, 17(4), 37 — 43.

Williams-Pierce, C., Katirci, N., Simpson, A., Shokeen, E., & Bih, J. (2024). It’s mathematics all
the way down: Revealing activity in non-formal learning spaces. In Simpson, Williams-
Pierce, & Eronen (Eds.) special issue of Frontiers in Education.
https://doi.org/10.3389/feduc.2024.1372832

27th Annual Conference on Research in Undergraduate Mathematics Education 552


https://psycnet.apa.org/doi/10.1080/10409289.2016.1220771

