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Much research within mathematics education is dedicated to understanding the challenges that
Students often face when encountering new mathematical ideas. Some challenges, called
epistemological obstacles (EOs), persist despite research-based instruction designed to target
those challenges. The purpose of this report is to describe a methodology for mapping
connections between EOs as they emerge during mathematical discussion and problem-solving.
We illustrate this methodology through a preliminary analysis of whole-class data collected in
an introductory proofs course.
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Understanding the obstacles that students face in mathematics teaching and learning is an
essential part of mathematics education research. Much research has focused on identifying and
understanding students’ cognitive obstacles in mathematics learning (e.g., Smith et al., 1994).
Such obstacles are often identified and studied independently, but we have found that many
obstacles do not occur independently. Existing research methods, however, do not allow for
identifying ways that cognitive obstacles may co-occur. This report provides such a method,
allowing researchers to gain greater insight into the ecology of EOs across research areas.

Brousseau (2002) defined three main types of obstacles that students may experience:
ontogenetic, didactical, and epistemological. Ontogenetic obstacles occur due to limitations in
one’s current biological (neuro-physiological) maturation. Didactical obstacles occur when
instruction overlooks or potentially exacerbates conceptual challenges in students’ mathematical
understanding. However, even with instruction designed to target known conceptual challenges,
and with sufficient biological maturation (e.g., students who have reached Piaget’s formal
operational stage), some challenges may persist in students’ mathematical reasoning and sense-
making. Following Brousseau (2002), we refer to these persistent challenges as epistemological
obstacles (EOs).

EOs often manifest as a pattern of repeated errors or uncertainties observed by a teacher or
researcher. However, EOs are not simply mistakes or the product of ignorance; they are “the
effect of a previous piece of knowledge which was interesting and successful, but which now is
revealed as false or simply unadapted” (Brousseau, 2002, p. 82). EOs are part of a complex
cognitive system and cannot be simply replaced or eradicated (Smith et al., 1994). Our
conceptualization of EOs is consistent with what Steffe calls necessary errors (Steffe, 1992);
they are products of a student’s current overall way of operating.

Students may experience an EO when they experience cognitive dissonance, often
accompanied by a perturbation, but teachers may experience such dissonance first. Within The
Proofs Project, our goal is to identify known EOs in the context of logic and proof, design tasks
intended to elicit students’ experience of EOs, and leverage inquiry-oriented instruction (Kuster
et al., 2018) to provide opportunities for students to address EOs head-on. Consistent with our
Piagetian framing, we hypothesize that overcoming an EO requires a structural change in a
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student’s way of operating (i.e., a metamorphic accommodation; Steffe & Thompson, 2000).
Understanding connections between EOs can support instructional design for promoting such
structural change.

The purpose of this report is to describe a methodology for mapping co-occurrences between
EOs as they emerge through mathematical discussion and problem-solving. We first provide an
overview of our methodology. We then illustrate this methodology by drawing on preliminary
analysis of whole-class data from an introductory proofs course.

Methodology for Mapping Connections Between Epistemological Obstacles

Our method for mapping connections between EOs is summarized in these six steps:

1. Conduct a literature search to identify known EOs related to a particular mathematical
idea, generating a codebook consisting of EOs, their definitions, and potential evidence

2. Collect video recordings of students engaging in mathematical discussion or problem
solving (with each other and/or with a teacher or researcher)

3. Analyze video recordings using the EO codebook, creating a spreadsheet containing
timestamps, key moments in discussion, low-inference notes justifying codes, and
important student quotes, adding emergent codes to the codebook that satisfy the
definition of EO as needed

4. Decide upon a “chunk” size (e.g., a discussion topic or classroom task) for determining
co-occurrence of EOs, and demarcate chunks in the coding spreadsheet

5. Create an adjacency matrix by counting co-occurrences of EOs within each chunk

6. Represent adjacency using a weighted vertex-edge graph (where vertices represent EOs
and weighted edges represent number of co-occurrences).

Step 1 is necessary for understanding the EOs that students may face. Being as specific as
possible about potential evidence (behavioral indicators) of each EO (as informed by prior
research) is critical. To conduct this search, we recommend beginning with a keyword search
using Google Scholar, Scopus, and library databases such as Academic Search Complete.
Because researchers use disparate terms to refer to persistent challenges in students’
mathematical knowing and learning, a broad range of keywords will likely need to be included
using AND/OR Boolean operators and asterisks to include characters that may follow a word,
such as “misconce® OR challenge® OR error* OR mistake* OR struggle*,” along with keywords
pertaining to the specific topic area (e.g., “implication OR conditional”’). Conducting a
systematic review (e.g., Borrego et al., 2014) will yield the largest set of EOs identified in prior
literature and potential evidence for each EO.

In Step 2, students are engaged in contexts where EOs may emerge. Often, EOs emerge in
the context of discussing or solving mathematical problems or proofs. Step 3 employs standard
qualitative analytic techniques, including making inferences about data, categorizing inferences
using codes, and writing low-inference notes to justify one’s inferences (Maxwell, 2013).
Researchers may also identify emergent codes not identified in prior research and apply these to
their analysis (e.g., Corbin & Strauss, 2015). Although not reported here, we identified emergent
codes from task-based interviews (Clement, 2000) with individual students and applied these to
our analysis (see Norton, Arnold, Antonides, & Kokushkin, 2023).

Step 4 is critical and is context-dependent. For us, given our focus on whole-class discussion
and the overall instructional design, generating chunks based on general discussion topics and
tasks was most practical. However, an analysis of connections between EOs during a clinical
interview setting may permit finer-grained chunks. Step 5 involves the creation of the adjacency
matrix itself. To ensure consistency, we recommend only counting each distinct EO once within
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each chunk. For instance, we often coded “Reu” on multiple consecutive lines in our codebook,
but if they all occurred within a single chunk, then it would only be counted once. Step 6 allows
researchers to visualize connections between EOs and the strength of each connection—
especially those greater than 1. Notably, our methodology was inspired by prior research that
used adjacency matrices to analyze student reasoning (Selinski et al., 2014). However, our
approach is relatively novel within the field, given our theoretical framing and focus on EOs.

Ilustrating the Methodology
We now turn to illustrating our proposed methodology by drawing on a preliminary analysis
of data from whole-class discussions in an undergraduate introductory proofs course.

Step 1: Literature Review of EOs in the Context of Logic and Proof

Prior research indicates that students often assume that if a logical implication (LI) holds,
then its converse holds, treating the LI as biconditional (coded LIff; see Epp, 1999, 2003;
Rumain et al., 1983; Wagner-Egger, 2007; Wason & Johnson-Laird, 1972). Such meanings are
understandable and common in many non-mathematical contexts (e.g., “If you do your
homework, then you can play video games,” which is likely intended biconditionally).
Transforming LIs into a logically related form, such as its contrapositive or negation, poses
additional challenges (coded LIt; see Antonini, 2004; Goetting, 1995; Hawthorne & Rasmussen,
2015; Hub & Dawkins, 2018; Knuth, 2002; Stylianides et al., 2004). In particular, students may
reason that the negation of an LI should, itself, be an LI (coded NO; see Arnold et al., in press;
Epp, 2003), which we call its “opposite” (e.g., the opposite of p = q is p = ~q).

Quantifying the negation of a statement poses additional challenges (coded Qneg; see Epp,
2003), particularly uncertainty about whether the negation of an LI should be an existential or
universal statement. Many statements in mathematics, including LIs, are not stated with explicit
quantification, such as “If a shape is a square, then it is a rectangle.” Epp (1999) refers to such
statements as containing “hidden” quantifiers (coded Qh), which can pose significant challenges
for students. Statements containing multiple quantifiers can pose additional challenges to
students (coded Qmult). Students may assume that the order in which two quantifiers are stated
does not affect the logical meaning of the statement (coded Qord; for the latter two EOs, see
Dawkins & Roh, 2020; Dubinsky & Yiparaki, 2000; Epp, 2003; Piatek-Jimenez, 2010).

Challenges may also emerge when generalizing an argument. To directly prove the validity
of a universally-quantified statement, the most common method is to use what Copi (1954)
called the Principle of Universal Generalization: a statement holds for all x € U (where U is a
universe of discourse) if and only if that statement holds for any arbitrary x € U. Students often
struggle to make sense of and apply this principle (coded PUG; see Norton, Arnold, Kokushkin,
& Tiraphatna, 2023; Selden & Selden, 2013). Additionally, students may attend to the value of a
variable (e.g., § = .01), but they may not attend to the role played by this variable in a statement
or proof, such as the distance between two x-values (coded Qrv; see Dawkins & Roh, 2022).

Lastly, instructors may use visual representations to help students make sense of LIs. Euler
diagrams use spatial inclusion and exclusion to illustrate relationships between truth sets of
predicate statements. For instance, p — q can be interpreted as the truth set of p contained within
the truth set of g; using an Euler diagram, this would be (conventionally) represented as one
circle (representing the truth set of p) contained within another circle (representing the truth set
of ¢). However, students may struggle to make sense of quantification using Euler diagrams, and
students may conceptualize p — q as a circle representing the hypothesis containing a circle
representing the conclusion (coded Reu; see Antonides et al., 2024; Hub & Dawkins, 2018).
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Steps 2-4: Data Collection and Analysis

Data come from an upper-level undergraduate introductory proofs course. The instructor
(third author) took an inquiry-oriented approach, with students regularly engaging in small-group
and whole-class discussions. All class sessions were recorded (excluding exam days). The
analysis reported here focuses on discussions from the 40 class sessions throughout the semester.
These data were collected from a video camera installed in the back corner of the classroom
ceiling, controlled by a researcher in the neighboring room, as well as four microphones installed
in the four quadrants of the classroom.

To analyze whole-class data, we used a codebook of EOs developed by (a) searching
research literature related to persistent challenges in logic and proof, and (b) supplementing with
emergent codes that were identified in clinical interviews with students (Norton et al., accepted).
Because emergent codes did not appear in our analysis of whole-class discussion, we focus only
on those codes identified in prior literature.

A pair of researchers (first and second authors) created a spreadsheet to record line-by-line
descriptions of classroom activity (e.g., tasks, questions from the instructor, and student quotes)
with timestamps for each line. They coded each line that corresponded with evidence for one or
more EO. Lines were then “chunked” together by task or discussion topic. Two researchers
(fourth and fifth authors) created an initial adjacency matrix of EO co-occurrences between
chunks, counting each distinct EO once within a given chunk.

Steps 5-6: Results and Interpretation

Table 1 shows an adjacency matrix of EO co-occurrences (omitting EOs that had zero co-
occurrences with other EOs). For instance, the first row, second column, shows that LIff and LIt
co-occurred 1 time during whole-class discussions. Overall, of the 10 EOs suggested by prior
literature, 9 EOs co-occurred with others in at least one segment of class discussion. The final
column of Table 1 shows the total number of connections between each EO and other EOs,
found by taking row sums. In particular, the total connections for LIt (10) and Qneg (11) indicate
that, in the context of class discussions, students’ experiences transforming LIs and quantifying
the negation of logical statements are highly connected to their experiences of other EOs.

Table 1. Adjacency matrix of EOs experienced in an introductory proofs course

LIff LIt Qh Qmult Qord Qneg NO PUG Reu | Total
LIff 1 1 0 0 0 0 0 3 5
LIt 1 1 0 0 4 1 0 3 10
Qh 1 1 0 0 1 0 1 1 5
Qmult 0 0 0 3 2 1 0 0 6
Qord 0 0 0 3 0 0 0 0 3
Qneg 0 4 1 2 0 3 1 0 11
NO 0 1 0 1 0 3 1 0 6
PUG 0 0 1 0 0 1 1 0 3
Reu 3 3 1 0 0 0 7

The weighted graph shown in Figure 1 illustrates connections between EOs. Figure 1 makes
salient the relatively large number of paths connecting LIff, Reu, LIt, Qneg, and NO.
Additionally, Figure 1 shows that Qord is isolated from other EOs except for Qmult.
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Figure 1. Vertex-edge graph illustrating adjacency among EOs from an introductory proofs course

Classroom Example of a Connection Between EOs

We provide an example of a class discussion intended to elicit students’ experience of LIt,
NO, and Qneg. The teacher (third author) presented students with the statement p: “For all
nonnegative real numbers x, vx < x” (logically equivalent to the LI: if x > 0, then vx < x).
The teacher asked students to determine “what statement is equivalent to saying p is false.”
Following small-group discussion, class discussion began with students mentioning the
counterexample x = %. The teacher then challenged students to generalize this finding into a
statement equivalent to saying p is false as follows.

Teacher: ... in general if I say “for all x, something happens,” then how would you talk about

the other side of the argument?

Student: Um, the false statement would be like, “for all x, something doesn’t happen.”

Teacher: So, do I need to show that... he said for all x we want to show that open statement

doesn’t happen.

Student: Oh, for some x in the same set, it doesn’t.

In attending to transforming the statement (LIt), the student experienced Qneg and NO; their
quantified response “for all x, something doesn’t happen” is logically equivalent to the opposite
LI “if x is in the set, then something doesn’t happen.” The student amended their quantification
to “for some x,” perhaps in an effort to reconcile their quantification with their understanding
that a single counterexample disproves the statement. The adjacency matrix in Table 1 cued us to
looking for connections between Qneg and NO, and to proffer explanations for their relatively
strong relationship. Indeed, when attempting to transform a universally quantified statement into
its negation (LIt), students may initially conceptualize the negation as also needing to be a
statement about all values in the universe (Qneg). If this is the case, then it makes sense that
students may interpret the negation as its opposite (NO).

Conclusion

This report outlines a methodology for mapping connections between EOs in mathematical
discussions and problem solving. Our preliminary analysis of data from an introductory proofs
course revealed significant co-occurrences among EOs, such as LIff, Reu, LIt, Qneg, and NO.
This methodology can be used broadly to highlight connections between EOs and their potential
impact on students’ reasoning. Future research should expand this approach across varied
mathematical contexts to further refine our understanding of EOs and develop instructional tools
and strategies designed to overcome them.
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