
The Evolution of Two Undergraduates’ Example and Set Use During Conjecturing and Proving

Kristen Vroom Abigail Lippert Jose Saul Barbosa
Michigan State University Michigan State University Michigan State University

To better understand how students’ example and set use might evolve during their conjecturing
and proving activity, we engaged two students in guided reinvention of mathematical statements
relating sequence properties during an 11-week teaching experiment. We characterized the
students’ evolving example/set use in three categories: (1) classifying examples from the initial
set of sequences, (2) seeking diversity and using lack of examples from an expanded initial set of
sequences, and (3) attending to properties, searching for structure, and building formality with
the set of all sequences. We exemplify these categories and then discuss some guidance that
could explain the students' example/set use.
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Studies show that students find conviction and justify conjectures by using examples (Coe &
Ruthven, 1994; Healy & Hoyles, 2000) and some suggest that students need to be supported to
recognize limitations of examples (Knuth, 2002; Martin & Harel, 1989; Stylianides &
Stylianides, 2009). More recent research examines how example-based reasoning can support
deductive reasoning (Aricha-Metzer & Zaslavsky, 2019; Iannone et al., 2011; Komatsu et al.,
2017; Ozgur et al., 2019; Pedemonte & Buchbinder, 2011; Sandefur et al., 2013), including how
mathematicians and students use examples in their proving activity (Alcock & Inglis, 2008; Ellis
et al., 2019; Inglis et al., 2007; Lockwood et al., 2016; Lynch & Lockwood, 2019; Weber, 2008).
Furthermore, researchers have drawn on cognitive unity to explore how the development of
students’ conjectures based on their work with examples is reflected in the students’ respective
proving activities and proofs (Lin & Wu, 2007; Pedemonte & Buchbinder, 2011). Additionally,
Fiallo and Gutiérrez (2017) studied what types of conjectures and corresponding proofs students
developed after experimenting with Dynamic Geometry Software. This research points to the
potential usefulness of examples for students in their conjecturing and proving activities.

Additionally, a growing amount of literature shows the usefulness of sets for students as they
make sense of mathematical statements and engage in proving activities (Dawkins, 2017;
Dawkins & Cook, 2017; Hub & Dawkins, 2018). For instance, Dawkins (2017) explained that it
can be productive to consider a subset relation when making sense of a mathematical statement
in the form if p, then q; that is, the set of all objects that fit property p is a subset of all the objects
that fit property q. However, little research has explored how students can use sets to author and
prove their conjectures.

To better understand how students’ example and set use might evolve during their
conjecturing and proving activity, we engaged two students in guided reinvention (Freudenthal,
2005; Gravemeijer, 1999; Gravemeijer & Doorman, 1999) of mathematical statements relating
sequence properties during an 11-week teaching experiment (Steffe & Thompson, 2000). In this
study, we examined the evolution of two calculus students' example/set use in response to an
intervention we crafted for supporting students' conjecturing and proving activity. We
investigated: How can students use examples and sets to support conjecturing and proving?
Specifically, how did a pair of students use sets and examples as they were guided to reinvent
mathematical statements relating sequence properties?

26th Annual Conference on Research in Undergraduate Mathematics Education 259



Theoretical Perspective
We investigated how two calculus students’ example and set use evolved as they engaged in

conjecturing and proving. By conjecturing, we mean developing a statement that relates
mathematical concepts the student suspects are true but does not yet know are true (Lannin et al.,
2011). In this study, we are particularly interested in students’ conjectures from observing
consistent patterns in a finite number of cases (Cañadas et al., 2007) and the generality of the
students’ conjectures (that is, whether the conjectures were specific to an initial set of finite cases
or made a claim about additional cases). The cases that the students in our study observed were
instances of sequences (e.g., ). Additionally, we use proving to mean conveying a𝑥

𝑛
= 𝑛2

general argument, from the students' perspective, for the statement's truth.
Throughout our data, students organized (and re-organized) examples of sequences into sets.

We attended to different sets and set operations to better understand the students’ set use. The
students' universal set was key to understanding the generality of students' conjectures. By
universal set we mean the set of all elements under consideration. The students’ universal set
began as an initial (finite) set of sequences, later expanded to include additional examples, and
eventually included all sequences, where the specific examples were just representative members
of this infinite set. Additionally, we determined whether students seemed to attend to a union,
intersection, subset, complement, and difference (as typically defined in mathematics). For the
sake of a relevant example, consider a universal set as the set of all sequences (represented by the
shaded region in Figure 1A), which includes all the sequences that are bounded above (purple set
in Figure 1), bounded below (green set in Figure 1), or unbounded. The shaded region in Figure
1B represents the union of the set of bounded above sequences and the set of bounded below
sequences, whereas the shaded region in figure 1C depicts the intersection of these two sets. The
shaded region in Figure 1D represents the set of sequences bounded below, which is a subset of
the set of all sequences. The shaded region in Figure 1E represents the complement of the set of
sequences that are bounded below. The difference between the set of bounded above sequences
and the set of bounded below sequences is represented by the shaded region in Figure 1F.
Finally, Figure 1G highlights that the set of convergent sequences (yellow set) and the set of
sequences that are bounded above and not bounded below are mutually exclusive. We continue to
denote sequences that are bounded above, bounded below, and convergent in this way (i.e., with
green, purple, and yellow outlined sets, respectively) throughout our results.

Figure 1. Representation of sets and set operations.

To further understand students’ example use, we drew on Ellis et al.'s (2019) Criteria,
Affordances, Purposes, and Strategies (CAPS) framework, which offers a way to describe
students' example-based activity while investigating and proving conjectures. Specifically, we
attended to Purposes and Strategies to understand how students' example-based reasoning
supported their conjecturing and proving activity. Purposes are the reasons students use
examples. For instance, a student might use the example(s) to: form a connection between two
concepts (conjecture development), confirm their belief in a conjecture’s truth (belief
confirmation), determine a conjecture’s truth (test the truth), reject a conjecture as true (refute),
illustrate their claim that a conjecture is true or false (convey claim), identify the causal
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mechanism behind a conjecture (understand why), convey an argument supporting their claim
that generalizes across cases (convey a general argument), and/or respond to a request or prompt
(respond to teacher-researcher1). Strategies are “the range of deliberately strategic approaches
students employ both in choosing and using examples” (p. 265). A student can deliberately
create a new example that features different properties than previous examples (seek diversity),
select examples based on particular properties of interest (attend to properties), or repurpose an
existing example by varying one or more elements (create systematic variation). A student can
deliberately use examples by searching for a pattern or a mathematical structure to identify
general features (searching for structure) or developing a formal representation to express what
is the same across all examples (building formality).

Methods
Data Collection

We conducted a teaching experiment (Steffe & Thompson, 2000) with two students, Lara and
Stella (pseudonyms), recruited from a Calculus 1 course at a large university the semester before
the experiment. We aimed to experience the students' mathematical learning of and reasoning
about sequences and series as they formed conjectures about sequence and series properties,
defined related terms, and proved their conjectures. Both students indicated they were freshmen
at the time of the experiment, and both used she/her pronouns. Lara was majoring in Biological
Chemistry, and Stella was double-majoring in Psychology and Neurosciences. Lara earned a 2.5
(on a 4.0 scale) in her Calculus 1 course, and Stella earned a 4.0. The experiment consisted of
eleven 1.5-hour sessions in which the students’ collaborative digital work was audio and video
recorded. In these sessions, the first author was the teacher-researcher and the third author was
the observer.

Realistic Mathematics Education, especially the heuristic of guided reinvention (Freudenthal,
2005; Gravemeijer, 1999; Gravemeijer & Doorman, 1999), framed the instruction during the
teaching experiment (similar to Lockwood & Purdy, 2019 and Swinyard & Larsen, 2012). We
describe the general task design of the teaching experiment since the details are beyond the scope
of this paper. The overarching design goal of the experiment was to guide students to conjecture
and prove mathematical statements that relate sequence properties (e.g., all convergent sequences
are bounded) and statements about series convergence (e.g., the comparison test). To do so, we
engaged the students in context problems (Gravemeijer & Doorman, 1999) with sequences
(sessions 1-7) and then with series (sessions 8-11). For this report, we analyzed data from
Sessions 4-7, when we asked the students to sort sequences based on different properties
(increasing, bounded above, bound below, and converging), make conjectures about sequence
properties, and justify these conjectures. The first three sessions mainly focused on the students
generating and defining sequences. We refer to these sequences as the students' initial set.

Data Analysis
We transcribed all teaching episodes and enhanced the transcripts that we analyzed for this

study with embedded pictures of the students' work. We first identified instances of the students
discussing connections between bounded, increasing, and/or convergence by reading the
transcript and watching the corresponding video. Once we identified these instances, at least two
of the three authors participated in coding the data, with any disagreements resolved through

1 Ellis et al. (2019) refer to this as "placate the interviewer." We used this different phrasing since it better fit our
teaching experiment setting.
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discussion. In particular, we investigated the students’ example use by identifying purposes and
strategies using Ellis et al.’s (2019) framework (see previous section). We also identified
additional strategies that we did not think were captured by the framework: classifying and using
lack of examples. We coded data as classifying when it featured the student checking whether a
sequence fit their concept definition and/or concept image (Tall & Vinner, 1981), which often
occurred when students considered moving or adding sequences inside (or outside) a category.
We coded data as using lack of examples when the students reflected on their inability to create
an example with specific properties given the properties' parameters. During this pass of the data,
we also considered how the students used sets, looking for evidence of the students considering
an intersection, subset, complement, difference, and/or if sets were mutually exclusive (see
previous section). Note that the students did not necessarily (if ever) use words like the "union;"
instead, these were our way of denoting the sets that the students seemed to consider. We also
searched for evidence of what the students considered their universal set (i.e., the students' initial
set of sequences, some other finite set of sequences that expanded their initial set, or the set of all
sequences). After we coded each episode, we wrote a vignette of the students' example/set use
and compiled the vignettes into one document, organizing them chronologically. We then re-read
the vignettes, noting changes in the students' example/set use (asking ourselves how the students'
example/set use differed from/similar to the previous episode). Through this constant
comparison, we noticed three categories that characterize the students' evolving example/set use,
which we exemplify next.

Results
We characterized the students’ evolving example/set use in three categories: (1) classifying

examples from the initial set of sequences, (2) seeking diversity and using lack of examples from
an expanded initial set of sequences, and (3) attending to properties, searching for structure, and
building formality with the set of all sequences.

Classifying examples from the initial set of sequences
The first example/set use category featured the students classifying sequences to develop,

test, or refute a conjecture specific to their initial set of sequences. From our perspective, the
students used their initial set of sequences as their universal set while they engaged in
classifying; their diagram organized their initial set of sequences, and their discussion pertained
to these specific sequences. An instance of this example/set use occurred during the fourth
session in which the students were first asked to sort their initial set of sequences as bounded
above and/or bounded below, or neither by placing their sequences in a corresponding set. In
response, the students checked whether each sequence had an upper and/or lower bound
(classifying). As they were classifying, Stella stated, “I feel like all of our , all those𝑎

𝑛
,  𝑓(𝑎

𝑛
)

from that example, are going to be [bounded] both," referencing a set of sequences generated
during a previous task. Here, we see that Stella noticed a pattern (searches for structure) to form
a conjecture about the placement of some of their sequences from their initial set (conjecture
development). From our perspective, she considered some of their initial set of sequences ("all of
our …”) as a subset of their bounded below and bounded above sequences. Then, to𝑎

𝑛
,  𝑓(𝑎

𝑛
)

confirm that the pattern held (belief confirmation), Stella and Lara continued to classify the
sequences they generated based on whether there was an upper and lower bound.

After the students finished classifying their sequences as bounded above and/or bounded
below, the teacher-researcher requested that the students add a place for increasing sequences.
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Lara shared that it should be “somewhere in the middle” because there was a sequence that was
increasing, bounded below, and bounded above. Stella then suggested that they place it “hereish”
(see the blue category in Figure 2A2) because “some of the [only] bounded below are
increasing.” During this, Lara and Stella selected increasing sequences (attended to properties)
and determined whether they were bounded below and/or above (searched for structure) to make
conjectures about their initial set of sequences that connected increasing and the other properties
(conjecture development). The teacher-researcher then responded, “Let’s try it!... With the
examples or the sequences that we have so far, we’ll try to put them in one of these locations.
And then if we find that we need to change that box, then we will do that.” To respond to the
teacher-researcher and to confirm their suspicion about their increasing sequences (belief
confirmation), Lara and Stella considered each sequence to check if it was increasing and
rearranged the sequences accordingly (classifying). See Figure 2B for their revised map. From
our perspective, we see the students suggested that their increasing sequences were a subset of
the union of (a) their bounded below and bounded above sequences and (b) the difference in the
set of their bounded below sequences and the set of their bounded above sequences.

Figure 2. Location of the set of students’ increasing sequences (blue set).

Seeking diversity and using lack of examples from an expanded initial set of sequences
The second category of example/set use featured the students seeking diversity in their initial

set of examples and using the lack of examples to confirm their belief and understand why. From
our perspective, the students expanded their universal set to include more sequences than their
initial set while they sought diversity and used the lack of examples. Their discussion involved
more than their initial set of sequences; in particular, they attempted to generate new sequences
with different properties, and in doing so, their map transformed from organizing their initial set
to potentially organizing additional sequences. An instance of this occurred later in the fourth
session after Lara and Stella added a location for convergent sequences, which at the time they
referred to as sequences "approaching a number" (see yellow set in Figure 3A). The
teacher-researcher then asked, "Should [it] be stretched over?,” changing the set’s placement and
adding a question mark to a new area to consider (see Figure 3B).

2 We slightly altered these pictures from the students' version for clarity and because of space constraints. The
students' version included more sequences with different representations (e.g., graphs).
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Figure 3. Location of the set of sequences that approach a number.

To respond to the teacher-researcher and test the truth of the teacher-researcher’s implied
conjecture that there is a sequence that approaches a number, is unbounded above, and is
bounded below, the students iteratively chose or created a new object to consider. In particular,
they attempted to create a new sequence with the desired properties (seeking diversity, Figure
4A, Figure 4D, Figure 4E see below), selected ones on their map by paying attention to certain
properties (attending to properties, Figure 4B), or created a new sequence based on a previous
one (systematic variation, Figure 4C). With each new object, they disregarded it since it did not
fit with a desired property (classify). Specifically, Figure 4A was bounded above since the
intended domain was natural numbers, Figure 4B was not approaching a number, Figure 4C was
bounded above, Figure 4D was bounded above and below, and Figure 4E was not approaching a
number. After the students continued attempting to identify a sequence with the properties, Lara
stated, "Maybe the answer is just no," meaning that there is not a sequence that is approaching a
number, unbounded above, and bounded below. We interpret this as Lara reflecting on their
inability to create an example with specific properties (using lack of examples) to confirm their
initial placement of the converging set as non-overlapping with the difference of bounded above
and bounded below (belief confirmation). From our view, the students suspected that the
intersection of all convergent sequences, all bounded below sequences, and the complement of
all bounded above sequences was empty (mutually exclusive).

Figure 4. Students’ new objects.

After the teacher-researcher asked, “Can you think of a reason why we couldn’t find a
sequence?,” the students began to understand why there was not a sequence that was
approaching a number, unbounded above, and bounded below (understand why). To do so, Lara
and Stella looked within the approaching sequences (attending to properties) and searched for a
pattern, during which Lara noticed "no matter which section you take of the graph, it's bounded
above and below" (searched for structure).

Attending to properties, searching for structure, and building formality with the set of all
sequences

The third category of example/set use featured the students attending to properties, searching
for structure, and building formality with the set of all sequences to convey general claims and
general arguments. From our perspective, the students used the set of all sequences as their
universal set (not just those depicted and organized on their map) while they attended to
properties, searched for structure, and built formality. Students used examples and sets in this
way during the fifth and sixth sessions, which began when the teacher-researcher asked the
students to make conjectures based on their previous explorations. Stella responded, "I think it's
true that a function cannot be both bounded above and increasing." After the teacher-researcher
asked why not, Stella considered their increasing set and bounded above set (attended to
properties) and seemed to notice that the increasing set intersected some of, but not all, the
bounded above set (searched for structure), explaining, "So my thinking is, the blue increasing
square does not have a category that's just bounded above. So, like increasing and just bounded
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above.” She then revised her conjecture (conjecture development), saying, "I guess you could
say that it has to be bounded below to be increasing". From our perspective, Stella noticed that
the set of increasing sequences was a subset of the set of bounded below sequences. After the
teacher-researcher requested that they write this conjecture, the students began developing a
formal representation in the form of a statement about what is the same across the increasing
sequences (building formality), writing: “sequences that are increasing must be bounded below.”
During the following session, the teacher-researcher asked for clarity about whether they
considered this statement applicable for all or some increasing sequences. The students
confirmed that they intended their conjectures to be about “all” increasing sequences rather than
some of them or the specific examples in their map, and revised their conjecture to “all
sequences that are increasing must be bounded below.”

The teacher-research then requested that they reflect on whether they thought the statement
was true or knew it was true. Stella explained, "So I think we know this is true because all of the
values are greater than or equal to the given number which would be… I guess it would have to
be x equals one in this case.” Here, she noticed a pattern in that all the increasing sequences were
bounded below by a value (searching for structure). She did this to understand what about the
increasing sequences made them bounded below (understanding why). The teacher-researcher
then questioned what she meant by x=1. To respond to the teacher-researcher and convey a
general argument, Stella continued building formality to her argument revising her justification
to : “all of these sequences [increasing sequences] must have a lower bound at where .”𝑎

𝑛
𝑛 = 1

Discussion
In this study, we investigated how students' example and set use might evolve during their

conjecturing and proving activity. Our findings suggest that students' example and set use can
evolve over time, and specifically, we identified three categories of our participants’ example/set
use: (1) classifying examples from the initial set of sequences, (2) seeking diversity and using
lack of examples from an expanded initial set of sequences, and (3) attending to properties,
searching for structure, and building formality with the set of all sequences.

Our findings support previous research that indicates students can productively use examples
and sets in conjecturing and proving activities. Our study further contributes to this existing
literature by shedding light on how students might use examples and sets in tandem during
conjecturing and proving. In particular, the sets served as an organizational tool for students’
examples. These sets evolved from organizing their initial set of sequences to a map that
depicted general claims of the set of all sequences.

We also gained some insight into guidance that supported the students' example/set use by
attending to the responding to the teacher-researcher purpose. We found that the first type of
example/set use was supported by requests for students to place sequences into their appropriate
categories and/or add new categories. The second type was often supported by questioning
whether the students' initial placement of the category should be revised by expanding it to
include a new category. Moreover, questions like, "Can you think of a reason why we couldn't
find a sequence?" further supported students to understand why. The last type of category was
supported by requesting that students write their conjectures and then reflect on whether they
thought they were true or knew they were true, and in the case that they thought it was true but
were not certain, supporting them to further search for structure. In our future work we hope to
further explore such guidance and example/set use.
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