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This study investigates students' conceptions of what makes a particular written mathematical 
communication a proof. To that end, we implemented one-on-one task-based interviews 
involving mathematical communications. These communications were presented as trios, and we 
called each communication a job. We intentionally designed some of these jobs to sit in the 
vague space between proof and calculation. Our study investigated the reasons why participants 
believed certain jobs were proofs, allowing us to develop a model of students' conceptions of 
proofiness. This model revealed differences among students in terms of which attributes they 
thought contributed to or detracted from proofiness, as well as those they thought were and were 
not relevant to whether a job is a proof. These differences and how they relate to normative 
conceptions of proofiness point to aspects of proof that may require further attention in these 
students' introduction to proof courses. 
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What follows is the novice portion of a larger planned expert novice study (e.g., Inglis & 
Alcock, 2012). The overall project addresses the question “What makes a proof a proof?” We 
use the term mathematical communication to broadly capture any written work that establishes a 
mathematical fact or property. For example, a calculation that finds the roots of a polynomial 
might be considered a mathematical communication that establishes what the roots of the 
polynomial are. Similarly, a written proof is a mathematical communication that establishes the 
truth of some theorem. 

This portion of the research addresses the research question: “What are undergraduate 
mathematics students’ conceptions of what makes a mathematical communication a proof?” To 
facilitate our discussion, we borrow a construct name from Seife (2010), proofiness. In his work 
“Proofiness: the dark art of mathematical deception,” Seife defines proofiness to be 
manipulations of mathematical norms that, “make falsehoods look like numerical fact” (Seife, 
2010, p. 18). Instead, we use proofiness to refer to a person’s personal conceptions of the 
attributes that make a written communication a (correct mathematical) proof; in other words, 
proofiness refers to the qualities of a text that distinguish proofs from non-proofs. Those are the 
attributes that keep a purported proof from being an instance of proofiness in Seife’s sense of the 
word. So, from our perspective, our use of this construct name is more precise than Seife’s usage 
and more consistent with the mathematical concept of proof (Weber, 2014). 

To simplify the conveyance of ideas, we refer to mathematical communications as jobs. We 
used our jobs-based tasks, and data from clinical interviews with undergraduate mathematics 
students, to develop a proofiness framework. This framework can be implemented to classify the 
attributes of a mathematical communication which a person thinks are relevant to certify or 
discount it as a proof. In the future, this might allow us to implement more informed learning 
trajectories for guiding students toward normative conceptions of proof. As alluded to earlier, 
determining mathematicians’ conceptions of proofiness is part of a planned followup to the 
current study. Thus, the utility of this framework will be demonstrated in a second order 
followup study. The students’ conceptions of proofiness will inform the design of a learning 
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trajectory (Simon, 2020; Simon & Tzur, 2012) that is intended to advance students’ 
understanding of proof toward observed mathematicians’ conceptions. 

Literature Review 
Proof is, out of necessity, not well defined (Inglis & Aberdein, 2016, Weber & Czocher, 

2019). This means that, even among expert mathematicians, there is often no consensus on 
whether a particular mathematical communication is a proof (Weber & Czocher, 2019). Czocher 
and Weber (2020) addressed this fuzziness by describing proof as a cluster concept (Lakoff, 
1987), which is when “a number of cognitive models combine to form a complex cluster that is 
psychologically more basic than the models taken individually” (p. 74). The cluster concept 
nature of proof means that novice provers’ conceptions of proof are, inherently, a fuzzy picture 
of an already fuzzy picture. However, whether a mathematical communication is a proof is also 
context dependent (Stylianides, Stylianides, & Weber, 2017) and students, especially those in 
introduction to proof (ITP) courses (David & Zazkis, 2020), have only experienced proofs in the 
single context of their course. This means that asking an ITP student the question “is this a 
proof?” implicitly asks, “is this considered a proof within the context of your ITP course?” The 
existing research on conceptions of what a proof is and what counts as a proof is primarily 
focused on expert mathematicians (e.g., Inglis, & Aberdein, 2016, Weber & Czocher, 2019). 
Here, we shift toward studying students, since a good grasp of student conceptions of proof is 
needed to use this knowledge as part of well-informed learning trajectories for proof. 

We argue here that, especially given both how much variety there is in approaches to ITP 
course work (David and Zazkis, 2020) and the importance of proof in mathematics, there is value 
in exploring ITP students’ impressions of what makes a proof a proof. However, the nebulous 
nature of proof necessitates a shift away from traditional tasks and interview questions (Zazkis & 
Hazzan, 1998). 

 
Figure 1. An example task which presents two jobs for the subject to compare. 
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Method 
Participants were undergraduate students, each of whom completed a zoom-based think-

aloud one-on-one task-based clinical interview (Clement, 2000). Remote data collection was 
needed because of the COVID-19 pandemic. The ten participants were students in the same 
section of an ITP course offered at an Anonymous State University (ASU) in the Southwestern 
United States. Six of the ten were pursuing a degree in mathematics, and the rest were 
engineering or science majors. 

Students were presented trios (or sometimes pairs) of jobs that spanned the range from proof 
to calculation (from our perspective). Throughout the interview, students were asked which of 
the jobs in front of them were proofs, and then asked to justify their assertions by referring to the 
jobs and their attributes. A pair of example jobs are shown above in Figure 1. As a reminder, 
most of the jobs in our study occurred in trios, but we include this pair due to space limitations. 

 Working in the spirit of grounded theory (Strauss and Corbin, 1997) allowed us to generate a 
framework of the components of proofiness that participants attended to. We refer to our 
organization and categorization of these components as the Personal Conceptions of Proofiness 
framework (PCP). Documenting which students attended to which segments of the PCP allowed 
us to create a personalized proofiness profile (PPP) for each participant. 

Results 
First, we present the components and definitions of our Personal Conceptions of Proofiness 

(PCP) framework. Then, we utilize the PCP to create personalized proofiness profiles (PPP) for 
each of our participants. We then narrow our focus to the parts of students’ PPP that differ from 
student to student. These highlight differences in our participants’ conceptions of what makes a 
job a proof. The differences in students’ PPP are particularly relevant, since all participants were 
recruited from the same ITP section at the same institution, and thus had ostensibly comparable 
experiences with proof. 

The PCP is divided into two domains of proofiness: norms of communication (how a 
mathematical communication is written and presented) and purposes of communication (why a 
mathematical communication is written, and how and whether it meets its mathematical aims). 
Figure 2 presents the domains, subdomains, and dimensions of proofiness that make up the PCP. 
Figure 2(a) displays the norms of communication domain. The subdomains in the left table of 
Figure 2(a) refer to mathematics-specific conceptions, while the subdomains on the right 
describe conceptions that pertain to argumentative writing in general. The primary difference 
between the left and right tables in Figure 2(a) is that the conceptions on the right are broadly 
applicable in written argumentation that is not mathematical (e.g., legal argumentation), while 
those on the left are more closely related to mathematical argumentation. Figure 2(b) details the 
purposes of communication domain of the PCP. Since the PCP was generated from student 
remarks in aggregate, the relative size of Figure 2(b) compared to Figure 2(a) is an important 
finding: it highlights that participants spoke relatively little about purposes of communication; 
most students focused their attention on norms of communication. 

We used the PCP to classify each student’s PPP. A subset of each student’s PPP can be seen 
in Figure 3. The table is written so that + means the student believes that dimension of proofiness 
is necessary (though not sufficient) for a job to be a proof. We use ++ to indicate when the 
student was emphatic in their statement of a dimension’s importance that enthusiasm is not part 
of the analysis in this paper, we maintain the convention to be consistent with future work. We 
use - to indicate the student believes the dimension detracts from a job’s proofiness. We use the 
symbol / to indicate that the student explicitly indicated that the dimension has no effect on 
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whether a job is a proof. Finally, the symbol ~ means the student was inconsistent in their 
assessment of the dimension. 

 
Figure 2(a): Norms of communication domain of PCP. 

 

 
Figure 2(b): Purposes of communication domain of PCP. 
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Figure 3: A subset of the participants PPP. Note the thick border, separating domains. 

 
To illustrate these distinctions, consider the following two quotations from Han and Estrella, 

both of which are relevant to the Generality dimension of proofiness in the PCP framework: 
Han: “Broader case feels proofier than talking about one specific case.” 
Estrella: “Not all proofs have to be arbitrary. You can still prove something for like a 

specific situation.” 
Han indicates he holds the conception that Generality is a dimension of proofiness that 

increases proofiness, while Estrella states that she does not believe that Generality affects 
proofiness. This indicates differences in their personal conceptions of proof.  Since the 
mathematically normative conception of Generality is that a proof can be general or specific, 
depending on the claim, we see that not all students agree with that normative conception: two of 
them stated explicitly that to be more general was to be more proofy. 

We further explore the PCP by comparing Claudette and Redmond’s remarks associated with 
the Long Length dimension of proofiness, which relates to a job having more words, more lines, 
and taking up more space on the page. Claudette said she thinks proofs should have “lots of 
words”, even referring positively to its “sheer amount of words” when claiming one job was 
proofier than another. Redmond, on the other hand, stated he did not like one of the jobs 
because, in his words, “It’s too long.” Therefore, Claudette has a + in the relevant space, while 
Redmond has a -. 

The table in Figure 4 allows us to glean patterns and differences in the students’ personal 
proof profiles (PPP). For example, we can notice that seven of the ten participants mentioned 
that they hold the belief that the inclusion of Conventionally Proofy Language contributes to 
proofiness. The three participants that did not verbalize this view on language did not bring up 
language at all, indicating de facto consensus. This stands in contrast to the group’s conception 
of Algebra (the presence of one or multiple lines of algebraic work like manipulation of 
equations, factoring, expansion of polynomials, etc.)—some students believe that Algebra 
decreases a mathematical communication’s (job’s) proofiness, and others believe that Algebra is 
irrelevant to the proofiness of a mathematical communication. This indicates disagreement 
regarding whether the presence of algebra contributes to proofiness. More broadly, we found 
that, taken as a whole, there was consensus among our participants with respect to Assumptions 
Stated, Explicit Statement of Warrant / Backing, ‘Givens, Work, Goal’, Proof Framework / 
Outline, and Conventionally Proofy Language as positive contributors to proofiness. Moreover, 
we saw strong support for the detrimental effect to proofiness that Unidentified Variables, 
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Unfamiliar Context, and Answer-Getting yielded (see Figure 2 for descriptions of these 
dimensions of proofiness). Further, students broadly disagreed about the proofiness of Long 
Length, Algebra, and Generality. Lastly, the Explicit Reference to Definitions dimension of 
proofiness is noteworthy: most participants agreed enthusiastically that this dimension 
contributed positively to proofiness, with only one stating it did not matter, and another being 
inconsistent. This is intriguing, if not worrisome, since many mathematicians believe that, across 
contexts, full statements of definitions should not be included in proofs (Lew and Mejia-Ramos, 
2020). This discrepancy about whether to include definitions is related to lack of clarity (Ibid.) 
on what student-produced proofs should look like, according to mathematicians. 

 

 
Figure 4: PCP framework (applied to students). Note the thick border, separating domains. 
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One final observation merits consideration: Figure 4 illustrates sparse attention among the 
pool of participants to purposes of communication. In fact, only four participants had a + listed in 
any dimension of proofiness within this domain. Put another way, six out of the ten participants 
did not attend at all to the purposes of communication domain. This is understandable given that 
the participants are at the ITP stage in their mathematics education. However, we hope that 
future study can inform ways to support students like these to do more than “show their work” 
nicely, and in doing so they may consider more deeply exactly what the “work” of proof is. 

Discussion and Conclusions 
We used job-based tasks to study individual students’ conceptions of proofiness. This 

allowed us to develop a framework for which attributes emerged in discussion of what makes 
something a proof. Compiling all these conceptions into one organized list of dimensions of 
proofiness is what we call the Personal Conceptions of Proofiness framework. Applying this to 
each of our participants creates a personalized proofiness profile, which allows us at a glance to 
notice patterns and trends in our data related to student beliefs about proofiness. For example, we 
were able to notice differences in our student participants regarding conceptions of generality in 
proof, and that there was consensus regarding students’ belief that the use of a proof framework / 
outline was relevant to determining whether something is a proof–that is, it increased the 
proofiness of a job. Given that all participants were enrolled in the same introduction to proof 
(ITP) section, this information provides a kind of profile of conceptions of proof that emerged 
from that class as a whole. 

In this connection, we could also envision using these same tools (our jobs-based tasks and 
the PCP) to compare the class profiles of two separate sections of the ITP course taught by 
different instructors with different instructional approaches. Documenting this could lead to 
richer understandings of what kinds of instructional approaches lead to conceptions of proof that 
are more/less aligned with normative mathematical perceptions of proofiness. 

Finally, we plan on using and further developing both our jobs-based tasks and the PCP and 
getting a better sense of the range of mathematicians’ PCP. This followup work should aid us in 
creating curricula aimed at, among other things, developing students’ PCP and simultaneously 
tying this research to currently available research on mathematicians’ conceptions of proofiness.  
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