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Proof-writing is a core practice of mathematicians and a crucial skill every future teacher and
mathematics major needs to acquire. A proof-based geometry course is a fruitful ground for
developing proof-writing skills. Despite recent pedagogical and technological advances, proof
remains challenging to learn and teach. We conducted a pilot study to explore potential
advantages of an innovative digital proof platform, FullProof, which aims to advance students’
proof-writing skills in Euclidean Geometry. We integrated FullProof in three Geometry for
Teachers (GeT) courses at three universities. We report on the findings pertaining to students’
interactions with FullProof, their perceptions of the usefulness of this tool to their proof-writing
skills, and the lessons learned from the FullProof integration from an instructor perspective.
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Introduction and Theoretical Perspectives

Proof-writing is a core disciplinary practice of mathematicians, and a crucial skill all
mathematics majors and future mathematics teachers need to acquire. Developing undergraduate
students’ facility and comfort with proofs are among the main objectives of many mathematics
courses, including geometry. While geometry courses may be either required or elected for
mathematics and other STEM majors, they are usually required for mathematics education
majors. Hereafter we refer to such courses as GeT- Geometry for Teachers (An et al., in press;
Grover & Connor, 2000). GeT courses are essential for cultivating robust and flexible knowledge
and skills such as writing, analyzing, and critiquing proofs that will allow prospective secondary
teachers (PSTs) to support their students' learning of geometry (AMTE, 2017; Gonzalez &
Herbst, 2006; NCTM, 2000; NGA & CCSSO, 2010).

Technology plays an important role in supporting PSTs’ engagement with proof. Dynamic
Geometry Environments (DGE) like GeoGebra, Geometer’s Sketchpad and others have been
essential in providing opportunities to explore geometrical properties, make and test conjectures
(Jones, 2000; Mariotti & Baccaglini-Frank, 2018). These tools have also been beneficial for
fostering PSTs’ attitudes towards proof and comfort with proof and teaching it to secondary
students (Abdelfatah, 2011; Kardelen & Menekse, 2017). However, DGEs offer little support for
the most critical component of mathematics exploration - the writing of a deductive proof of a
conjecture or a theorem. Recent advancements in artificial intelligence and machine learning
offer new tools that support automated and interactive proof writing and verification (e.g.,
Lodder et al., 2021; Matsuda & VanLehn, 2005; Wang & Su, 2017), and give new opportunities
for innovative research in the educational applications of these tools (Hanna et al., 2019).

FullProofis a digital platform that was developed to advance students’ proof-writing skills in
Euclidean Geometry. In this tool, students write a complete step-by-step proof, using an
interactive diagram, an equation editor, and a library of theorems and definitions. Students can
choose their own proof paths. The software checks the proof and provides feedback and/or hints
to improve their work. Our project aimed to explore the potential advantages of the FullProof
digital tool for GeT students. Our overarching research question was: How and to what extent
does engaging GeT students with the FullProof software affect their confidence with and
attitudes toward geometry proofs?
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Research Setting and Methods
In Fall 2021, we conducted an exploratory study in which we integrated FullProof in three
GeT courses in three US public universities in the Southeast, Northeast, and Midwest (See Table
1 for course and participant info). In each course, a large portion of the curriculum was devoted
to Euclidean Geometry from a synthetic perspective. All instructors had experience with
teaching the GeT course. To familiarize students with the platform, the instructors introduced
FullProof during class and worked together with students to solve several proofs.

Table 1. Course and Participant Information

University Type University A University B University C
Southeast, large public Northeast, large public Midwest, medium public

Student ~ 20 students: PSTs and ~15 students: PSTs and | ~ 6-18 students: PSTs only

population STEM majors STEM majors

Course focus Content focused Content focused Mixed content and

and modality Hybrid Face-to-face pedagogy. Face-to-face

No. of students 14 10 6

The instructors integrated the FullProof platform into the courses as a support system for
writing proofs, both in class and in homework. Each instructor used about 20 proof problems,
from FullProof”’s vast collection of problems on various topics from Euclidean geometry, at
three levels of difficulty: high, medium, and low. Figure 1 shows a screen capture of a sample
problem (medium difficulty) about triangle midsegments. Given DE is a midsegment of the
triangle ABC. F is a point of BC such that BF=(1/2)FC. The segment AF intersects DE at point
G and the segment BE at point O. Prove that BO=EO.

o Benny Goren, Mathematics |, Page 258, Q. #09 GIVEN: GOAL:
A ly 1 DEis amid-segment in AABC ® BO=EO
2 BF=1cr
2
PROOF: FH]
BC|| DE : midsegment
D E

Midsegment of Triangle

Definition: midsegment in triangle

Triangle Mi Theorem (A mi of a triangle iss parallel to the third side and equals its half)

A segment hrough a midpoint of one side of a triangle and parallel to the second side, is a midsegment

A segment connecting two sides of a triangle, which is parallel to the third side and equals its half, is a midsegment.

B C

F Midsegment of Trapezoid

Figure 1. Sample proof problem

While the figure itself cannot be dynamically manipulated, each segment, point, and angle in
the figure become highlighted when pointed to. Angles and segments can be marked, color-
coded, and named as shown in Fig. 2. The right side of the screen shows the givens and the
statement to be proven. The students write the proof by typing statements in the numbered lines
and justifying them. The justifications can be searched by keywords, as shown in Fig. 1, or by
browsing through the FullProof justification library. Despite the two-column format, FullProof
allows for variation in proof strategies and the order of steps. For example, the problem in Fig. 1
can be solved with congruent triangles or properties of centroid.
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The students may ask for a hint by clicking the hint button. The system will produce hints in
order of increased specificity from a vague “try using triangle congruence,” to suggesting a
certain theorem to use, or even proposing a particular step, like “try proving ABFO = AEGO”.
Once finished, the students click the “check” button, and in a few seconds, the algorithm checks
the proof and provides feedback. Correct proof lines get a green check mark. Incorrect or
partially correct lines are marked down with an explanation of the mistake. Fig. 2 shows a
solution with two mistakes — a missing proof step and a missing justification for the last step.
Clicking on these notifications will show a student what the missing step was (here ABFO =
AEGO by angle-side-angle theorem).

[TJ  Benny Goren, Mathematics I, Page 258, Q. #09 GIVEN: GOAL:
e 1 DEis a mid-segment in AABC BO= EO
2 BF:%CF

PROOF: =

Triangle Midsegment Theorem (A midsegment of a triangle is

3 @ DE|lBC gl g ( g gl
parallel to the third side and equals its half)

If two parallel lines are cut by a transversal, then the alternate

4 @ /BED= /CBE > g
interior angles are congruent.

5 @ LAFB=EG If two parallel lines are cut by a transversal, then the alternate

> @ SAPD=2EG interior angles are congruent

A segment hrough a midpoint of one side of a triangle and

° @ EGis amid-segment in AACE parallel to the second side, is a midsegment.

1 Triangle Midsegment Theorem (A midsegment of a triangle is
9 6= 2 CF parallel to the third side and equals its half)
8 @ BF=EG The transitive property
£ There is a missing step here.
9 & BO=EO Q.E.D. \y Areason is required (-10)

Try Again m Share solution
& Good. *

Figure 2: Sample solution in FullProof and the feedback provided by the software.

Clicking the “try again” button allows a student to improve their work, submit a corrected
solution and receive more feedback. The number of hints and submissions is unlimited, allowing
the students to achieve a perfect score eventually. The information about the number of hints and
submission attempts is stored in the system. The instructor’s interface contains information about
all students in the class — which of the assigned problems they solved, how many hints and
attempts they used, and can see the last submitted solution (Fig. 3).

Page 306, Page 306, Page 306,
Student
ueen Q. #11 Q. #06 Q. #08
Student #1 V V
Student #2 w4 (v 4 4
Student #3 V 3 ltemsof4
6 Attempts
Student #4 ~I 0" Hints
Student #5 V View solution >

Figure 3: Excerpt of instructor interface in FullProof.

Data Collection and Analysis

To respond to our research question, we administered pre- and post-survey via Qualtrics. We
focused on the results of two sets of Likert-type questions about attitudes toward proof, and
comfort level with writing proofs (see Fig. 4 for sample items). The items were adapted from the
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relevant instruments in the literature (e.g., Kaspersen & Ytterhaug, 2020; Stylianou et al., 2015).
The Likert-scale for proof-related attitudes was: Never/Almost never (1), Sometimes (2), Often
(3), Always/almost always (4); and for comfort-level was: Strongly Disagree (1), Disagree (2),
Agree (3), Strongly Agree (4).

Attitudes towards Proof questions (20 items). Examples:
1. Itake the initiative to learn more about proof writing than what is required in this course.
3. When I learn a new proof, I try to think of situations when it wouldn’t work.
13. When I face a proof problem, I consider different possible ways I can prove it.
18. T can explain why my solutions are correct.
20. If I immediately do not understand what to do, I keep trying.

Comfort with proof (10 items). Examples:
1. T feel comfortable when I prove mathematical theorems in the FullProof platform.
2. 1 feel confident in my ability to prove mathematical results using the FullProof

platform.

3. I am familiar with different proof techniques using the FullProof platform.
4. T am confident about my ability to teach proof using the FullProof platform.
6. Ibelieve I can learn to read and write proofs if I put enough effort into it.

Figure 4. Selected Likert Items from the FullProof Survey.

Twenty-nine students responded to the pre-survey while only 20 responded to the post-
survey. To analyze Likert-scale data, we initially used the chi-squared test of independence,
which is appropriate for categorical data, but since some of the categories had less than five data
points, the chi-square test is unreliable. To address this challenge and to avoid discarding
unpaired observations by using a paired sample #-test, we used a new statistical test—developed
by Ben Derrick, University of the West of England, which allows analyzing observations taken
at two points in time, where the population membership changes over time but retains some
common members (Derrick, 2020).

The post-survey also contained seven open-ended questions, developed by the researchers,
about student perceptions of the FullProof platform (Fig. 5). We analyzed the data qualitatively,
using open coding and thematic analysis (Patton, 2002) to reveal recurring themes in students’
responses, specifically the types of positive and negative appraisals of FullProof. Each appraisal
is defined as a statement that has a relatively complete and independent meaning. To capture all
themes, comments that included multiple ideas were coded multiple times.

1. How much experience did you have writing proofs before using this tool?
Has this tool changed the way you write proofs? If yes, explain in what way.

3. What are some of the successes/challenges you have had in proof writing when using this

tool?

How has this tool changed your understanding of reasoning and proof?

5. Would you use this tool in your future geometry classroom? Why? How? If not, explain
why not.

6. What other features would you like to see in this tool?

7. What is your overall impression of the FullProof tool?

s

Figure 5. Open-ended Items from the FullProof Survey.

In addition to the survey, we analyzed student solutions to a few problems assigned in all
three GeT courses to examine the types of proof approaches utilized by the students, and the
types of mistakes they made. Due to space constraints, we do not report on this analysis here.
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Results

Survey Results

Attitudes toward proof. Fig. 6 shows the statistical test results for three of the survey
questions related to proof attitudes. These questions were selected since their Derrick test p-
values were relatively close to 0.05, indicating that the results are statistically significant.

Question When I learn a new proof, I try {When I face a proof problem, I (I can explain why my solutions
to think of situations when it  |consider different possible are correct.
wouldn’t work. ways I can prove it.

Box plOt N Pre Post . Pre Post . Pre Post

Derrick test 0.0431 0.0713 0.0438

Figure 6. Sample Survey Results about Mathematical Identity.

While the pre-post changes for the questions in Fig. 6 are significant, the results are not
necessarily in the intended direction. For example, the boxplots for the first two questions show a
decrease in participants’ tendency to think about situations in which a proof wouldn’t work or
consider different proof paths. With respect to the first question, the results may be reflective of
the nature of geometry proof problems, like the one in Fig. 1, as opposed to proofs of theorems;
and the static nature of the FullProof figures, as opposed to DGE. These features of FullProof are
indeed less likely to invoke one’s thinking about situations where the proof is inapplicable. The
decrease in considering various solution methods was surprising to us since FullProof allows for
much flexibility in proof approaches that instructors always encouraged. However, the hints from
the software may lead students to a certain approach. One explanation for this result is that
students’ responses at the end of the semester reflect a pragmatic preference for one correct
solution that guarantees a good grade, rather than exploring multiple solutions. It is also possible
that students’ confidence at the beginning of the semester decreased due to the course being
harder than they anticipated. The results for the third question are encouraging, with students’
increased confidence in their ability to explain their correct solutions at the end of the semester.

Comfort-level with proof. Fig. 7 shows results related to using the FullProof platform.

Question |l feel confident in my ability to I am familiar with different [ am confident in my ability to
prove mathematical results proof techniques using the teach proof using the FullProof
using the FullProof platform. |FullProof platform. platform.

Box plot Pre Post Pre Post Pre Post

4.5 45 4.5
4 4 4 .
3.§ F 3A§ 3.2
2.5 + 25 * 2.5 ﬁ
2 2 2 o
1.5 1.5 15
1 ° 1 1 .
0.5 0.5 0.5
0 0 0
Derrick test: 0.0009 0.000136 0.003014

Figure 7. Sample Survey Results about Comfort Level with Proof-
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These questions had the lowest p-values, indicating significant pre-to-post changes, which is
not surprising since the students had never used Ful/lProof prior to the course. Still, we are
encouraged by the positive direction and amount of change. For example, in the first two
questions in Fig. 7, 75% of the post-survey responses were higher than the pre-survey responses.
These results indicate significant increases in students’ familiarity with various proof techniques
and increased confidence in their ability to write proofs and even teach proofs with the FullProof
platform. The increased familiarity with different proof techniques in FullProof (question 2, Fig.
7) suggests that students’ lack of consideration of multiple proving approaches (question 2, Fig.
6) occurred despite increased knowledge of these techniques. This may support our assumption
about pragmatic reasons for not considering multiple ways of proving. The analysis of open-
ended questions sheds additional light on these results.

Student Appraisals of the FullProof Platform

Nineteen students responded to the six open questions about FullProof. There was a total of
84 appraisals, 61 (73%) positive and 23 (27%) negative. “Appraisal” is a thematic unit, such that
a single written comment may contain both positive and negative appraisals, or more than one
appraisal of the same type. Six out of 19 students provided positive appraisals only, others shared
a combination of both. One interesting pattern in the data was: when asked to describe some of
the successes and challenges they had with FullProof (#3, Fig. 5), 65% of comments described
challenges as opposed to 35% of successes. However, the overall impressions of FullProof (# 7,
Fig. 5) were very positive with 73% of comments containing positive reviews.

Three main themes emerged among the positive appraisals. The largest category (41%)
described the affordances of FullProof for supporting students’ writing and understanding of
proofs. These included the searchability of reasons for proof steps, clear structure that supports
communication and comprehension, interactive feedback, and the ability to pursue multiple
solution paths. One student wrote, “FullProof has helped me a lot when writing proofs. I like
how I can search for reasons if I am not completely sure about a reason/theorem.” Another
student wrote: “FullProof made writing proofs easier not only to write, but also to understand.”

The second theme (26%) described the advantageous technical features of FullProof, such as
hints which help them move forward if one is stuck, interactive feedback pointing to errors,
visual clarity, and color-coded elements of a diagram. The third theme (33%) described the
affordances of FullProof as a pedagogical tool for teaching others. In this theme, the participants
highlighted the elements of the software that would support them as teachers in a geometry
classroom. Students wrote that FullProof presents “a good instructional strategy to implement in
the classroom,” and the platform “Makes it easier for the students to see what their errors were.”

The 23 negative appraisals were distributed rather uniformly across five themes. The main
critique (7 out of 23 appraisals, 30%) concerned the discrepancy between the wording of the
theorems in the FullProof platform and in GeT course. For example, FullProof does not have the
angle-angle-side triangle congruence theorem, so students need to complete an extra proof step
to use the angle-side-angle congruence theorem. Another category of critiques (22%) described
the variation in standards of rigor employed by FullProof vs. GeT instructors. The students wrote
that the software allowed them to skip steps and earn full points for their solution, while the
students were aware that their instructor would have likely deducted points. One student wrote:
“It allows some things to slide, that should be wrong.” Other types of critiques concerned some
minor technical issues like the lack of an undo button (17%). Three students admitted having
personal struggles with technology, in general (13%). Finally, some students wished to break out
from the two-column structure altogether to write paragraph-style proofs (17%).
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Additional patterns emerged from the analysis of specific questions. When asked “Has
FullProof changed the way you write proofs?” the responses split almost evenly between yes and
no. But 83% of the accompanying written comments for this question were positive regarding
FullProof. A similar pattern was observed in a question: “How has Ful/l/Proof changed your
understanding of reasoning and proof?” Sixty-one percent of students wrote that FullProof
positively influenced their understanding, but interestingly, 91% of their comments contained
some specific description of the positive effect of FullProof. In response to the question “Would
you use FullProof in your future classrooms,” 14 out of 17 students who answered this question
responded positively, citing the advantages of the platform.

Discussion

Overall, the quantitative analysis shows little impact of the use of Ful/lProof on student
attitude towards proof and comfort level with proof writing, since pre-post changes on most
survey questions were not statistically significant at the 0.05 level (as indicated by large p-values
on Derrick’s test). Yet, there were some questions showing significant changes using the Derrick
test. While there is still some risk of a Type I error when using the partially overlapping sample
t-test, Derrick’s research indicates that this is “the recommended test for analyzing data recorded
on an ordinal scale when partially overlapping samples are present and is particularly useful
when sample sizes are small” (Derrick, p. 147).

We are also aware of the limitation of our quasi-experimental research design. Due to the
lack of randomization and a single experimental group in the research setting, potential
confounding variables were not controlled (Johnson & Christensen, 2012). Each course was
taught by a different instructor, with no common curriculum or textbook across the institutions.
There was also some variation in how instructors used FullProof in their courses. Finally,
because of the Covid-19 pandemic, one institution required the instructor to accommodate hybrid
teaching modality, which affected course pedagogy, including the use of the FullProof platform.

Because of these variations, our study design emulates natural conditions of how instructors
might use any technological tool within the unique constraints of their institutional
environments. Against this backdrop, we find it encouraging that the qualitative analysis showed
more positive appraisals than negative appraisals about using the platform, which indicates the
overall positive impact of using FullProof in GeT courses. The significance of this result is due
to our analyses not distinguishing between students of different majors - mathematics education
or not - meaning that potential advantages of FullProof apply to all GeT students.

As instructors, we note several advantages to using FullProof in our GeT courses. Due to the
availability of multiple proof problems at various difficulty levels, and the feedback provided by
the FullProof platform, we were able to assign a greater number of problems and more
challenging problems, compared to the past. Since FullProof offers hints and multiple
submissions, students were able to get assistance from the software itself. However, this also
presented a challenge, when some students abused this functionality to get hints on every step of
the proof. In the future, we plan to limit the number of hints and submission attempts. Another
limitation of FullProof, also noted by the students, is that there are some discrepancies in the
standards of rigor with the GeT courses. However, this can be leveraged to engage students in
analyzing and critiquing proofs, which is an important learning objective of GeT courses (An, et
al., in press). Based on the results of our exploratory study, we revised our research instruments
and protocols, to use in the next round of the study. Future studies should expand the scope of
research questions to include an examination of cognitive and meta-cognitive processes afforded
by FullProof.
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