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Abstract: In response to calls for more investigations of teachers’ mathematical meanings for 

teaching (MMT) and the need to improve US mathematics teachers’ and students’ mathematical 

meanings, I investigated mechanisms for advancing post-secondary instructors’ mathematical 

meanings and teaching practices in the context of their teaching precalculus mathematics using 

a research-based curriculum. This report presents results from clinical interviews with graduate 

teaching instructors (GTIs) to illustrate the impact of a video-reflection intervention on teachers’ 

MMT and image of effective teaching practices. More specifically, I present two GTIs’ expressed 

meanings for angle measure and image of effective teaching before and after attending a 

professional development seminar where a trigonometry video-reflection intervention was used. 

I conclude by hypothesizing that video-reflection interventions may orient teachers toward 

reflecting on the degree to which they are impacting student thinking by providing examples of 

high-quality teaching (Musgrave & Carlson, 2017) interactions. 

Keywords: mathematical meanings for teaching, video-reflection intervention, quantitative 

reasoning 

Introduction and Review of Literature 

Although many math educators have investigated teachers’ mathematical knowledge for 

teaching (MKT) (Ball, 1990; Ball & Bass, 2003; Ball, Hill, & Bass, 2005), and how it relates to 

students’ learning (Ball, Thames, & Phelps, 2008; Hill & Ball, 2004; Hill, Ball, & Schilling, 

2008; Hill, Schilling, & Ball, 2004; Hill et al., 2008), few researchers have investigated teachers’ 

mathematical meanings for teaching (MMT). More concerning is the results of the few studies 

that have. As one example, Byerley and Thompson (2017) reported that most secondary 

mathematics teachers they studied provided formulaic or chunky descriptions of slope in contrast 

to thinking of slope as a rate of change that involves a multiplicative comparison between 

changes in two quantities. Other researchers who have investigated teachers’ MMT have 

reported similar findings highlighting the impoverished nature of US teachers’ mathematical 

meanings (Musgrave & Carlson, 2017; Yoon & Thompson, 2020; Thompson & Milner, 2018).  

A teacher’s meanings constitute her image of the mathematics she teaches (Thompson, 

2013), her pedagogical decisions, and the language she uses to cultivate similar images in 

students’ thinking (Thompson & Thompson, 1996), ultimately influencing the meanings her 

students are able to develop (Thompson, 2016). Prior research has shown that teachers’ MMT 

develop in concert with their development of coherent mathematical meanings and reflection on 

the effectiveness of their instructional practices in supporting students’ development of coherent 

meanings (Silverman &Thompson, 2008). Others have shown that teachers’ meanings for 

foundational mathematical ideas can become more productive if they are engaged in 

interventions designed to support their development of coherent mathematical meanings 

(Musgrave & Carlson, 2017). However, little is known about the mechanisms for advancing 

instructors’ teaching practices. Some researchers’ have proposed implementing video-based 

professional development seminars (video clubs) (Sherin & Han, 2004; Seidel et al., 2009; 

Sherin & van Es, 2009; van Es, 2012; van Es et al., 2014). However, this research has been 

2021 Research in Undergraduate Mathematics Education Reports 264



focused on the K-12 level and it has been shown that simply bringing teachers together does not 

ensure community development of desirable practices and norms (van Es, 2012). As such, 

investigating interventions for developing teachers’ MMT and mechanisms that result in 

teachers’ engagement in reflection on practice is of vital importance. This report addresses the 

following question: what is the impact of video-reflection intervention on teachers’ MMT and 

image of teaching? 

Theoretical Perspective 

The problematic nature of trigonometry teaching and learning has been documented by many 

(Moore et al., 2016; Tallman, 2015; Thompson, 2008; Thompson et al., 2007; Weber, 2005). 

Researchers (Hertel and Cullen, 2011; Moore, 2012, 2014; Tallman, 2015; Thompson, 2008) 

have responded by leveraging quantitative reasoning (Thompson, 1990, 2011), to support 

students in conceptualizing angle measure. Within the theory of quantitative reasoning, a 

quantity is a quality of an object or situation that one conceives of as admitting a measurement 

process. Quantification is the process by which one assigns numerical values to qualities 

(Thompson, 1990). A quantity’s value is the numerical result of a quantification process. It is 

crucial to distinguish between numerical operations and quantitative operations. Numerical 

operations are used to calculate a quantity’s value, whereas a quantitative operation is the 

conception of two quantities taken to produce a new quantity (Thompson, 1990). Although 

quantitative reasoning has been shown to support students in conceptualizing angle measure, 

students and teachers often develop meanings that do not involve this way of thinking 

(Thompson, 2008).   

Tallman and Frank (2018) described a productive meaning for angle measure grounded in 

quantitative reasoning. Namely, “a quantitative understanding of angle measure involves 

identifying an attribute of a geometric object to measure and conceptualizing a unit with which—

and process by which—to measure it” (Tallman & Frank, 2018, p. 5). Many students and 

teachers recognize that measuring an angle involves quantifying the openness between two rays 

that meet at a common vertex. “However, the “openness” of an angle is a quantity only for those 

who can specify a particular attribute of a geometric object to measure, identify an appropriate 

unit of measure, and envision a measurement process” (e.g., iteration, multiplicative comparison) 

(Tallman and Frank, 2018, p.5). Thus, one may conceptualize measuring the openness of an 

angle by measuring the length of the arc of a circle subtended by the angle whose vertex lies at 

the center of the circle in a unit proportional to the circle’s circumference that contains the 

subtended arc.  

 

 

 

 

Figure 1. Angle Measure 

For example, we could measure the angle in Figure 1 by multiplicatively comparing the 

subtended arc length to the length of the circle’s circumference. As such, the angle would have a 

measure of 1/3 in units of the circle’s circumference. Namely, the subtended arc length is 1/3 

times as large as the length of the circle’s circumference. One could also imagine measuring the 

angle’s openness in Figure 1 by multiplicatively comparing the length of the subtended arc to the 

1
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length of 1/6th of the circle’s circumference. The angle would have a measure of 2 in units of 

1/6th of the circle’s circumference since the length of the subtended arc is two times as large as 

1/6th of the circle’s circumference. Thus, a productive understanding of angle measure involves 

conceptualizing angle measure as a measurement process that defines a multiplicative 

relationship between the subtended arc length and some unit proportional to the circle’s 

circumference (Moore, 2014).  

Methods, Subjects, and Data Collection 

This study aimed to investigate the degree to which teachers’ MMT and image of effective 

teaching shifted as a result of engaging in video-reflection tasks at a weekly professional 

development seminar. To accomplish this goal, I conducted two rounds of clinical interviews 

(Clement, 2000) with three graduate teaching instructors (GTIs) and recorded their engagement 

in a video-reflection task during a professional development seminar. At the time of the study, 

the GTIs were in their first semester of teaching using research-based Pathways to Pre-Calculus 

materials. The first round of clinical interviews took place a week before the instructors taught a 

lesson on angle and angle measure and attended a PD seminar where they discussed the video-

reflection tasks. The second round of clinical interviews took place within three days of the 

instructors’ lesson and the PD seminar. The analysis of the clinical interviews occurred in three 

phases as described in Simon (2019). The first phase involved my listening to the interviews to 

generate hypotheses about the teachers’ ways of thinking. The second phase involved a more in-

depth, line-by-line conceptual analysis aimed at describing aspects of the teachers’ MMT for 

ideas of angle and angle measure. The third and final phase of this analysis involved identifying 

themes in the conceptual analysis to characterize the teachers’ MMT. 

The Intervention 

The GTIs involved in this study participated in a professional development seminar that met 

once per week for one semester. During the 11th week of the semester, the GTIs were engaged in 

a video-reflection intervention designed to support instructors in implementing the Pathways to 

Pre-calculus curriculum with fidelity. The angle measure video-reflection intervention contains 

six video clips of an instructor teaching a lesson on angle and angle measure. The selected clips 

include segments of teaching in which the instructor demonstrated strong MMT, decentering 

abilities (Steffe & Thompson, 2008), teaching practices that involve speaking with meaning 

(Clark et al., 2008), mathematical care (Hackenburg, 2010), attending to student thinking, and 

conceptually-oriented explanations (Thompson & Thompson, 1996). The video-intervention also 

includes a set of questions that correspond to each of the video clips. We designed these 

questions to promote teachers’ reflection on their mathematical meanings for angle and angle 

measure and practices they might engage in to support students’ construction of coherent 

meanings for the ideas central to the lesson.    

As one example, the trigonometry video-reflection intervention includes a clip of an 

interactive class discussion surrounding a task that asks students to determine which of three 

given angles has the largest measure. In this clip, the instructor poses multiple questions to 

students to elicit their meaning for angle measure and what they consider to be an appropriate 

unit for measuring angles. The video reflection intervention includes the following reflection 

questions for instructors to discuss after watching this clip.  

1. In the video clip, the teacher asked, “what are you guys looking at when you’re talking 

about angle measure?” Discuss with your partner (1) what you think the teachers’ 

purpose for this question may have been? (2) What might be a more productive way the 
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teacher could have posed the question “what are you guys looking at when you’re talking 

about angle measure”?  

2. At the end of clip two, the instructor draws three circles such that the angle’s vertex lies 

on the center of each circle. What might have been the teachers’ purpose for doing this? 

Discuss with a partner, what you might do next in your own class to help students 

develop the conception that an appropriate unit of angle measure is proportional to the 

circumference of a circle.  

We hypothesize that the video-reflection interventions may orient teachers toward reflecting 

on the degree to which they are impacting student thinking by providing imagery of the ways of 

thinking the teachers need to develop in their students, and by providing examples of teachers 

listening to students’ thinking and asking questions to gain insight into students’ thinking. 

Results 

This section includes results from the pre/post interviews that highlight the GTI’s expressed 

meanings for angle measure and image of effective teaching. The participants were asked to 

complete multiple tasks designed to elicit their meanings for angle and angle measure in each of 

the clinical interviews. This section shares two instructors, Emani and Maliya’s, responses to the 

angle measure task in Figure 2.    

 

 

 

 

Figure 2. Angle Measure Task- Interview 1 

GTIs’ Pre-Intervention Meanings for Angle and Angle Measure 

Angle Measure as parts of a whole- the story of Emani 

Emani’s expressed meaning for angle measure before engaging in the video intervention is 

best exemplified by her response (see Excerpt 1) to the task in Figure 2. It is noteworthy that 

Emani was the only instructor who consistently expressed that angle measure is a measure of 

openness between the two rays formed by the angle. Emani also expressed that she could 

determine the measure of an angle by counting how many units of measure are cut off by the 

angle’s rays. Thus, it appears as though Emani conceived of angle measure as fitting parts (some 

unit) into a whole (subtended arc).  

Excerpt 1: Emani’s expressed meaning of angle measure prior to intervention. 

Emani: Angle measure should be measuring how much openness we can measure between  

the rays. And measuring a length is not the same as measuring an amount of  

openness. So, the ways that jump out at me right now for measuring this angle, I could 

make up other ones, I guess, but are degrees or radians. Measuring in degrees would be  

like finding out how many 1/360ths [highlights portion of subtended arc] are cut  

off by the angle marked with 1.2 inches [traces over subtended arc]. 

While Emani was able to identify the attribute (length of the subtended arc) and a process by 

which to measure it (fitting pieces into a whole), she struggled to describe an appropriate unit for 

measuring the angle and why it was appropriate. In Excerpt 2, we can see that Emani correctly 

In class, a student tells you that the measure of a given angle is 1.2 inches. Is this an appropriate 

measure for an angle? Why or why not? 
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identified degrees and radians as appropriate units of measure, and she was also able to create 

her own unit of measure diametans. However, Emani was unable to provide a meaningful 

explanation for why degrees, radians, and diametans were appropriate units of measure.   

Excerpt 2: Emani’s discussion of an appropriate unit for measuring angles. 

Interviewer: So earlier, I am going to take you back to the beginning when you first read this. 

You immediately read this task and you said, “oh like it could be degrees, or it could be 

radians, or I could make something up.” So, what did you mean by “I could make 

something up”? 

Emani: Hmm, umm, so, radians are measured by looking at the radius of the circle. Degrees 

are measured by looking at some portion of the circumference of the circle centered 

where the rays meet. So, I think we can measure any angle, or come up with any kind of 

angle measure as long as we’re measuring in terms of some portion of the… like 

anything constant with the circle? Like we could come up with an angle measure instead 

of radians that is like diametians. So, you measure with the diameter of the circle. So, 

radians look at how many radius lengths are being subtended, are being cut off [indicates 

with hands that she is laying lengths next to each other] by the angle. So, we can do the 

same thing but with the diameter. 

Angle Measure- the result of a quantitative operation: the story of Maliya 

Maliya consistently expressed a meaning for angle measure as a comparison of the "distance 

you walk along that portion of the circumference that you marked with the two rays to the entire 

circumference of the circle" (see Excerpt 3).  

Excerpt 3: Maliya’s expressed meaning for angle measure prior to intervention. 

Maliya: Ok this is harder than I thought it would be. An inch is not a unit that I would use to 

measure an angle because an angle would be umm, so an angle is going to measured in 

some unit relative to the circumference of the circle. So, to be more specific, if I have a 

circle and I want to know the angle between two rays, then I would say that you can 

measure an angle by comparing how far I have walked from the horizontal ray to this 

slanty ray (traces over the terminal ray) compared to the size of the circumference of the 

circle.  

Thus, it appears as though Maliya conceived of angle measure as a multiplicative comparison 

of the subtended arc length and the circumference of the circle for which the angle is centered. I 

interpret Maliya’s meaning for angle measure to be that of a quantitative operation as she 

consistently identified (see Excerpt 4) the result of the multiplicative comparison as the measure 

of a specific attribute (length of the subtended arc) in a particular unit (the circumference of the 

circle).  

Excerpt 4: Maliya’s discussion of the angle measure task. 

Maliya: So, the endpoint of the angle (points to the angle’s vertex) is going to be the center 

of the circle. So, I can say that 1.5 inches is the radius of the circle. So, if I want to know 

the circumference of the circle that’s going to be 2 pi times as large as the length of the 

radius, so 1.5 times 2 pi. So, the 1.2 inches, I would say that is a measure of the length of 

that portion of the circle’s circumference that is taken up by the arc between those two 

rays. But the measure of the angle would be a comparison of the length of the arc, 1.2 

inches, divided by 1.5 times 2 pi inches. 

Interviewer: So, what does 1.2 divided by 1.5(2pi) represent? 

Maliya: To me it represents the measure of the length of the arc between the two rays given 

in the diagram in units of the circumference of the circle with radius 1.5 inches. 
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While Maliya expressed a quantitative meaning for angle measure, her descriptions of angle 

measure were limited to using the circumference as a unit of measure. Maliya did not recognize 

that she could measure the length of the subtended arc in radius lengths or any other unit 

proportional to the circumference of the circle.   

GTIs’ Post-Intervention Meanings for Angle and Angle Measure 

Overall, the instructors’ expressed meaning for angle measure remained consistent with their 

expressed meaning before engaging in the video-reflection intervention and teaching a lesson on 

angle and angle measure. Maliya continued to describe angle measure as a multiplicative 

comparison of the subtended arc and the length of the circumference. Emani’s meaning for angle 

measure also remained consistent with the meaning she expressed before engaging in the video-

reflection intervention. However, Emani was more closely able to provide a quantitative 

description of angle measure that involved identifying the attribute (length of the subtended arc) 

of the angle, and a process by which to measure it (fitting pieces into a whole), and a unit by 

which to measure the length of the subtended arc (fractional portions of the circumference). 

Although Emani was able to identify a unit of measure, she struggled to express what a correct 

unit of measure is meaningfully and was aware of her difficulty doing so. As one example, 

Emani expressed in the second interview, “I need to work on my own understandings and a 

better way to say this.”  

GTIs’ Image of Effective Teaching Before the Intervention 

The instructors were asked to describe their image of good/effective teaching before and after 

engaging in the video-reflection intervention. The instructors’ image of good teaching expressed 

in the first interview is shown in Table 1. It is noteworthy that both Emani and Maliya expressed 

that good teaching involved attending to student thinking, awareness of how students are feeling 

in relation to their learning, and ensuring students are comfortable contributing to class 

discussions.  

Table 1. Teachers’ response to prompt: describe your image of good/effective teaching. 

Teacher  Sample Excerpts from Clinical Interview 1 

Emani Good teaching is trying to understand where…how the students are understanding 

what is going on. I try to ask questions of my students like as we work through 

problems to try to find out how they’re thinking so I can try to address how they’re 

thinking about the problem.  
Maliya I would say, asking students questions really trying to get students input. It’s a good 

practice that I tried to implement that exemplifies good teaching and I think really 

trying to help students to think for themselves and articulate their thinking as much as 

possible.   

GTIs’ Image of Effective Teaching After the Intervention 

During the post interview, Maliya and Emani described asking questions to elicit student 

thinking as an essential quality of a good teacher. However, Maliya’s response is particularly 

interesting as she described multiple practices that were exemplified in the video clips and 

reflective discussions included in the video-reflection intervention (see Excerpt 5). One goal of 

the video-reflection intervention is to promote a reflective discussion about the instructors’ goals 

for students’ learning. After participating in the video-reflection intervention, Maliya described 

“having clear expectations for what you want the students to learn” as an essential quality of 
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good teaching. Maliya also expressed the importance of having a discussion-oriented classroom 

and an iterative conversation with students. Maliya’s expression of the importance of having an 

iterative conversation with students is also interesting as the video-reflection intervention 

provided examples of a teacher eliciting, attending to, and responding productively to student 

thinking. Moreover, Maliya also mentioned, “really trying to speak with meaning in the class.” It 

is noteworthy that speaking with meaning emerged as a practice that all three instructors 

identified as important throughout their second clinical interview.  

Excerpt 5: Maliya’s response to the prompt “describe your image of good/effective teaching” 

Maliya: I do think having clear expectations for what you want the students to learn what you 

want the students to be able to master in terms of content and having clear expectations 

for assignments and assessments is important. But I do really like having the discussion-

oriented classroom…and I’m really digging into their thinking when class is discussion 

oriented. I also do like having the visualization, especially because this course is so 

focused on quantitative reasoning that can be one of the most powerful ways to try to 

convey meaning to students and help students kind of convey their meaning…and just 

kind of like having an iterative conversation of, like, revising, okay, so this is what I think 

you said and then the student can correct you if that’s not an accurate representation of 

what they said. So sometimes doing that can be useful to you like reiterating what you 

think the students said that can also help with students feeling comfortable revealing their 

thinking and really making clear and really trying to speak with meaning in the class. 

Conclusions and Discussion 

Overall, both of the instructors’ meanings for angle measure remained relatively consistent 

with their meanings before engaging in the video-reflection intervention. Following their 

teaching of the section and their participation in a PD seminar, the instructors were more likely 

to distinguish between and angle and the measure of the angle. However, Maliya and Emani did 

not advance in their ability to describe a more general way of thinking for measuring an angle 

using a unit (such as a circle’s radius length) that is proportional to a circle’s circumference. 

 While the instructors’ meanings for angle and angle measure did not shift after engaging 

in a video-reflection intervention, their image of effective teaching did. The instructors’ 

participation in the video-reflection intervention appeared to have an impact on their image of 

teaching, including their recognition of the importance of speaking with meaning and posing 

questions to reveal student thinking. It is noteworthy that the one-hour video-reflection 

intervention had little impact on the instructors’ conceptions of angle and angle measure. 

However, this result is not surprising as it supports others’ findings (Thompson and Thompson, 

1996; Thompson, 2016; Musgrave & Carlson, 2017; Tallman and Frank, 2018) that shifting 

teachers’ conceptions is a gradual process that requires sustained and repeated opportunities to 

reason in new ways. Although we have developed video-reflection interventions for many units 

in the Pathways to Pre-calculus curriculum, this was the first time they were used with GTIs. In 

future semesters we plan to engage the GTIs more video-reflection interventions to investigate 

how teachers’ MMT and image of effective teaching shift over the course of a full semester. As 

we continue to develop and refine the video-reflection interventions, we plan to include more 

video clips that show teachers’ promoting students’ engagement in quantitative reasoning since 

prior research has shown that teachers’ attention to/focus on referencing quantities, including the 

starting point and directionality of the measurement, is useful for advancing student learning 

(Moore & Carlson, 2012; Joshua, 2019). 
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